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1. (15 points)
. a) Give the definition of a general vector space.

A General vector space is a set V of objects called vectors over a field F, together with a
rule of adding two vectors v and w to produce a vector & @ V inV and a rule for
multiplying any vector v in VV by any r in F to produce a vector r® v in V. Moreover, for
all the vectors in V, the following properties are satisfied:

vu,v,weV, Vr,s eF,
Properties of vector addition:

AL (U ®@V)® W=0 & (V & w) anassociatelaw

A2:20 @ W=wW & U a commutative law

A3:0 ® V=V 0 as additive identity

Ad: vV @ (-v)=0 -V as additive inverse of v

v
Properties of vector scalar multiplication:
SIr® (V& wW)=(r®v) ®@(r® w) adistributive law
S2r®s)® vV =(r®v)® (s®v) adistributive law
S3r® (s®Vv)=(rs) ® VvV a associative law
S4:1QVvV =1 preservation of scale

b) b) Let f(x) = x* defined on R and Let V = {f(x + t) [te R} . Define ® and ® by
f(x +s) @ f(x +t) =f(x + s +t) and ¢ ® f(x +t) = f(x + ct).
1) Determine whether or not V is a real vector space.

Your answer: Yes

2) If your answer in 1) is “yes”, describe the “zero vector” in V and “the additive inverse” of
V e V. If your answer in 1) is :No”, which axiom(s) in (a) fails? Give an example.

0="f(x +0).
W= (X + 1) inV, —7=f(x ).

2. (10 points) Prove that {1, sinx, sin2x, sin3x} is linearly independent.
Proof: Let ry + rysinx + rasin2x + r,8in3x =0, ri € R.

Set x =0, we haver; =0 Q)
Setxzﬂz, we have r; +r,—ry=0. 2
Setx= 77, wehave r + rp+rs+ ry=0. 3
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Setx:”4, we have r1+%l’2+%r320. 4)
Solve equations (1) — (4) and obtainr; =r, =r3 =r4=0.
Therefore, {1, sinx, sin2x, sin3x} is linearly independent.

3. (20 points) True or False:
1) False 2) True 3)True 4) False 5) True 6) True 7) True 8) True 9) True 10) False

4. (12 points)
1) Let T: P3 — My, be the linear transformation given by T(ax® + bx? + cx +d) =

a-b b+c
c+d d-al

1 0 0 1 0 1 0
Let B = {1, x, X%, X’} be a basis for P; and B'= , , ,
01 0 0 10 0

Find the matrix representation relative to B, B”.

0 0 -1 1

-10 1 O
A=

1 1 0

1 0 1 -2

2) Computer T(X® + x* - x + 1)g".
TG +x2-x+1)g’=]0, 0, 0, 0]

5. (14 points)
1) Suppose V; and V; are subspaces of a vector space V. Define
W = { u+v | ueVy, Vv EVz}.
Prove that W is a subspace of V.
Proof:

a) Since Vi and Vare subspaces of a vector space V, 0 € Viand 0 € Vs,
0=0+0eW.

b) Yw,,w, e W, there are U,,U, €V, V;,V, €V, such that
W, =0, +V,,W, =0, +V,
Since V1 and V; are subspaces of a vector space V,
u, +0, eV,,vV, +V, €V,.
W, +W, = (T, +V,)+(U, +V,) = (@, +0,)+ (V, +V,) eW.

c) Vw=u+veW, VreR,

Since V; and V; are subspaces of a vector space V, ru eViand rv eV,.

Then rw=ru+rveW.

Therefore, W is a subspace of V.



2) Let V and V' be vector spaces having the same finite dimension, and let T: V — V’
be a linear transformation. Prove that T is one-to-one if and only if range(T) = V".
Proof:
Since dim(V) =dim(V"),
by dimension theorem we have
dim(range(T)) + dim(ker(T)) = dim(V) = dim (V").
Then

T is one-to-one < ker(T) ={ 6} < dim(ker(T) = 0 <> dim(range(T))=dim(V")
)

Tisonto < range(T) =V’

6. (16 points) Let T: P3 — P, given by T(p(x)) = p”"(x) + p'(x) + p(0).
1) Show that T is a linear transformation.

Vv p(x),q(x) € P3, Va, beR,
T(ap(x) + bq(x)) = (ap(x) +bq(x))"" + (ap(x) + bq(x))"+ ap(0) +bq(0)
=a(p”'(x) +p'(x) + p(0)) + b(q""(x) +q'(x) +q(0))
=aT(p(x)) +bT(q(x))

2) Find bases for the ker(T) and range(T).

Ker(T) = {p(x) | p”"(x) + p'(x) + p(0) =0, p(x) € P3}
={ax®+bx?+cx +d |6ax + 2b + 3ax’+ 2bx +c+d =0, a, b, c,d eR}
={ax®+bx*+cx+d|a=0,6a+2b=0,2b+c+d=0,ab,c deR}
={cx—-c|ceR}=sp(x-1)

A basis for ker(T) is {x —1}.

range(T) ={ p”'(x) + p'(x) + p(0) | p(x) € Ps}
= {3ax’ + (a+2b)x+2b+c+d=0,a b,c,d eR}
={a(3x* +6x) +b(2x +2) +c+d]a b, c, d eR}
= sp(3x% + 6X, 2x + 2, 1).
A basis for range(T) is { 3x° + 6x, 2x + 2, 1}

3) Determine whether T is one-to-one and/or onto.
Since ker(T) = sp(x -1) = {0}, so T is not one-to-one.
dim(range(T)) = 3 =dim(P,) , so T is not onto.

7. (13 points)
1) Show that the following identity holds for vectors U, V in any inner product space.

o 1, 2 1, _.2
<u, V>==|u+V| -=|o-v|
4 4

[T —V|* =<T -V, G-V>=<d, 0>-2<0, V>+<V, V> (2)
Eqn.(1) - ): |a+v[* ~Jo-v| =4<qa, v> 3)
Both sides of eqn.(3) dividing 4 will give the result.



2) Let C[0, 1] denote the vector space of continuous functions from [0, 1] to R with an inner
Product defined by

1
(f.g)=] F()g()dx.
a) Find the magnitude of the polynomial p(x) =x + 1.
X +]1|2 =<X+1, Xx+1>= Jj(x +1)(x +dx :%

Therefore, |x+1| = \E .

b) Find the distance and angle between X to x.

d?(x®, x)= sz - XHZ =<x* =X, X*—X>= E(xz —X)(x* =x)dx = 3—10
1

Therefore, d(x?, X)= \/7
cosé = 4
‘X H ”X” \/J‘ x4dx\/j x%dx \/7

i
T

Then, 8 =cos ™ —=



