
• Repeat the derivation of the multitasking 
model – using 

 

  X1 = q1e1 + e1, E(e1) = 0 and Var(e1) = s1
2       

 X2 = q2e2 + e2, E(e2) = 0 and Var(e2) = s2
2 

Exercise 8 



 

• W = a + b1X1 + b2X2            contract 

• W = a + b1(X1 + gX2)       g = [b2/b1]            

• W = a + b1x         x = (X1 + gX2) 

• SS = X – C(e1,e2) – RP 

• SS = q1e1 + q2e2 – (1/2)(e1
2 + e2

2) – 
(1/2)rb1

2var(x)          

Exercise 8 



• var(x) = var(X1 + gX2) 

• var(x) = Var(X1) +  2gCov(X1,gX2) +  g2Var(X2) 
•  var(x) = Var(q1e1+e1) +   

2gCov(q1e1+e1,g(q2e2+e2)) +  g2Var(q2e2+e2)  
•  var(x) = s1

2  +  2g(r12s1s2)  +  g2s2
2  

•  So g*  = - r12s1/s2    and  g*  = - s12/s2
2 

 

• Same as lecture 8 because var(q1e1) = 
var(q2e2) = 0 
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• Since  SS = q1e1 + q2e2 – (1/2)(e1
2 + e2

2) – 
(1/2)rb1

2var(x), e1 = b1q1 and e2 = b2q2        

• d[q1(b1q1) + q2(b2q2)  – (1/2)((b1q1)2 + (b2q2)2) 
– (1/2)rb1

2var(x) ]/db1 = 0  

• q1
2  – b1q1

2 –  rb1var(x)  = 0  

• b1* = q1
2/(q1

2 + r var(x)) 

 

• b1* = q1
2 /(q1

2 + r [1 -  r12
2]s1

2) 
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Exercise 9 



8.1  Piece Rates – Disadvantages 
 

• Non-uniformity 

• Rewards luck – some workers have better areas or machines 

• May conflict with worker’s participation constraint – 
uncertainty of income levels 

• May conflict with team production – downstream worker is 
tied to an upstream worker 

• May substitute quantity for quality 

 Milgrom and Roberts  - pp. 393 - 395 

Exercise 9 



 

8.2 and 8.3 will not be on term test 1 

8.2 and 8.3 will be covered next term 
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Exercise 10 



• 8.4 (a)  – Apply Multi-tasking Model 

 

•   W = a + b1X1 + b2X2    contract 

•   p = X1 + X2  - W     principal’s payoff  

 

•   NB = W - C  - RP   

•   NB = a + b1X1 + b2X2 – (c/2)(e1 + e2)
2 –    

 (1/2)rvar(W)  agent’s payoff 

Exercise 10 



• 8.4 (b)  – Apply Multi-tasking Model 
•      NB = a + b1X1 + b2X2 – (c/2)(e1 + e2)

2 –        

 (1/2)rvar(W)  agent’s payoff  

•      d(NB)/de 1 = d[a + b1e1 + b2e2 – 

 (c/2)(e1
2 + 2e1e2

  + e2
2) – 

(1/2)rvar(W)]/de1 = 0 

 

•        b1 = c(e1 + e2) 

•        b2 = c(e2 + e1)    
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• 8.4 (b)  – Apply Multi-tasking Model 
 

       b1 = c(e1 + e2) 

 b2 = c(e2 + e1) 

  

 b2 = b1 is the first order condition 
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• 8.4 (c) – Apply Multi-tasking Model 

 

• SS = e1 + e2 – (c/2)(e1
2 + 2e1e2

 + e2
2) – 

(1/2)rb1
2var(x) 

• SS = (b1/c) – (c/2)(b1/c)2 – (1/2)rb1
2var(x) 

• d(SS)/db1 = d[(b1/c) – (c/2)(b1/c)2 – 

(1/2)rb1
2var(x)]/db1   = 0 
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• 8.4 (c) – Apply Multi-tasking Model 

 

• d(SS)/db1 = 1/c – b1/c  – rb1var(x)   = 0 

•           1/c = b1/c  + rb1var(x)  

   

•           b1 = b2 = 1/[1  + rcvar(x)]     
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• 8.4 (d) 

  

• b1* = p1
2/[p1

2  + r cvar(x)]  

• b2* = p2
2/[p2

2  + r cvar(x)]  
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• 8.4 (e) will not be on term test 1 

Exercise 10 



• 8.4 (f) – Apply Lecture 8 Multi-tasking Model 

 

• b1* = 1/(1 + rc[1 -  r12
2]s1

2) – See Exercise 5 

• b2* = g* b1* 

• b2* = [- s12 /(s2
2  + rc[1 -  r12

2]s1
2s2

2 )] 

 

• The cost function is asymmetric. 
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Exercise 11 



• 8.5 and 8.6 will not be on term test 1 

• 8.5 and 8.6 will be covered next term 
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Exercise 12 



• Piece Rates – Advantages 

• Simple 

• Immediate – can be done on a per shift basis 

• Studies show that productivity increases 

• Individual Bonus – Performance based on: 
• skills acquired 

• individual output 

• profit or revenue generated 

 

 

Milgrom and Roberts  - p. 392 
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Exercise 13 

• How do the parameters r, s1
2, k1, k2 and k 

impact the problem of `moonlighting` in the 
multitasking model 

 

• Will not be on term test 1 

 



Exercise 14 

• What is a in W1 = a + b1X1 if there is a ban on 
moonlighting 

• What is a in W1 = a + b1X1 if there is no ban 
on moonlighting 

 

• Will not be on term test 1 

 



Exercise 15 

• Will not be on term test 1 

• Prove: 

 

• a1* = (2r1k1sw1
2  - 1) /(4k1 (1 + 2r1k1sw1

2)  

 

• a2* = (2r2k2sw2
2  - 1) /(4k2 (1 + 2r2k2sw2

2)  
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•  Will not be on term test 1 

• Derive 

• a1 * = b1b2
2s12  ⁄ s2

2 - (1 ⁄ 2)b1
2(1 - r(s1

2 - 

2s12
2
 ⁄ s2

2  +  s12
2s2

2))  

 

• a2* = b2b1
2s12  ⁄ s1

2 - (1 ⁄ 2)b2
2(1 - r(s2

2 - 

2s12
2

 ⁄ s1
2  +  s12

2s1
2))  
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• Reflect on the differences between the 2 team 
production models 

• In what sense could the agents collude and 
what impact would this have on the model 
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• Equilibrium when e1 = e2 = 1: 

• SS = 1 – (1⁄2) – 0 = 0.5 

• Equilibrium when e1 = e2 = 0.5: 

• SS = 0.5 – (1⁄2)(0.25) – 0 = 0.5 – 0.375 = 0.125 

• Nash Equilibrium is e1 = e2 = 1: 

 



             Agent 2 

    e2 = 1  e2 = 0.5                                                              

Agent 1     

   e1 = 1    9.5, 9.5         12.83, 6.54 

   e1 = 0.5    6.54, 12.83    9.875, 9.875 

 

Nash Equilibrium 

Pareto Optimal 
Equilibrium 

NB1 = (1/(0.5+1)/2)*10 – e1
2/2, NB2 = (1/(0.5+1)/2)*10 – e2

2/2 

Exercise 17 



             Agent 2 

    e2 = 1  e2 = 0.5                                                              

Agent 1     

   e1 = 1    9.5, 9.5         12.83, 6.54 

   e1 = 0.5    6.54, 12.83    9.875, 9.875 

 

Nash Equilibrium 

Pareto Optimal 
Equilibrium 

NB1 = (1/(1+1)/2)*10 – e1
2/2, NB2 = (1/(1+1)/2)*10 – e2

2/2 
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Exercise 18 



       Organization 

       Employee1 

           (Agent1) 

 

 Employee2 

           (Agent2) 
Task 2 Task 1 

          Specialization 

Exercise 18 



 

• Relative Performance Evaluation (Linear) 
Contract: 

   Components of the Model: 

   C(e1,e2) = (1/2)(e1
2 + e2

2) effort of two (2) 
  agents 

                            W = a + b1X1 + b2X2 contract 

                   Risk Premium = (r/2)(b1
2 + 2tb1b2

  + b2
2)s2 

  *  X1 = q1e1 + e1,  q2X2 = e2 + e2 
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• Relative Performance Evaluation (Linear) 
Contract: 

   e1= q1b1, e2= q1b2, incentive compatibility 
   constraints 

    b1
  = q1

2/[q1
2 + rs1

2(1 - t2)] 

  

   Risk Premium = (1/2)rs2(1 - s12) 
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• b1= q2/[q2 + rs2(1 - s12)] 

• Contrast with b1= q2/[q2 + rs2(1 - t2)] for 
multi-tasking 

 

• - s12 = t2              - 0.25 = - (0.5)2                                  

 

 

 
Team 
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• b1= q2/[q2 + rs2(1 - s12)] 

• b1= (2)2/[(2)2 + (4)(0.5)(1 – (0.25))] 

• b1= 4/[4 + 2(0.75)] 

• b1= 4/[4 + 1.5] 

• b1= 4/5.5 = 0.7273 

• b*2=  b*1 = 0.7273 

 

 

 

Team 
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• NB = W – C – R = 0 (Participation constraint) 

• C = (1/2)e2 = (1/2)(2b)2 = 2b2 

• R = (1/2)rb2s2(1 - t2)  

 R = (1/2)(4)b2(1/2)(1 - t2) = b2(1 - t2) 

• W = a+bX = a + b(2)(2b)(1 – t)= a+4b2(1 – t) 

• W – C – R = 0 

• a + 4b2(1 – t) – 2b2 – b2(1 - t2) = 0 
Team 
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• NB = W – C – R = 0 (Participation constraint) 

• a + 4b2(1 – t) – 2b2 – b2(1 - t2) = 0 

• a = 2b2 + b2(1 - t2) - 4b2(1 – t)  

• a = b2(1 + 2 - 4 - t2 + 4t)  

• a = b2(4t - t2 – 1)  

• a = (0.7273)2(4(0.5) – (0.25) – 1)  

• a* = (0.7273)2(0.75) = 0.5455 

Team 
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• Organization`s expected surplus: 

• S = E(p1) + E(NB1) + E(p2) + E(NB2) 

• S = (2)(X - W + NB)  

• S = 2(X – C – R) 

• S = 2(4b – 2b2 – b2(1 - t2)) 

• S = 2(4b – b2(3 - t2)) 

• S = 2(0.7273)(4 – (0.7273)(3 – 0.25)) 

• S* = (1.4546)(2) = 2.9092 

 

Team 

Exercise 18 



Exercise 19 



       Organization 

 Employee     (Agent) Task 2 Task 1 

          Downsizing 

Exercise 19 



 

• b2= -tb1 

• b1= q2/[q2 + rs2(1 - t)] = q2/[q2 + rs1
2 – ts2

2] 

• t = -0.5  (substitute skill) 

• b1= q2/[q2 + rs2(1 - t)] 

• b1= (2)2/[(2)2 +  

                (4)(1/2)(1 – (-0.5)] 

• b1= 4/[4 +  2(1.5)] = 0.5714 

 

 

Multitasking 

Exercise 19 



 

• NB = W – C – R = 0 (Participation constraint) 

• C = (1/2)(e1
2 + e2

2)  = (1/2)[(2b)2 + (2b)2]= 4b2 

• R = rb2s2(1 - t) = 2[(1/2)(4)b2(0.5)(1.5)] = 3b2  

• W = a + b1X1 + b2X2 = a + b(q1e1 + q2e2)  

                                       = a + b(2(2b) + 2(2b))  

                                  = a + 8b2 

• W – C – R = 0 

• a + 8b2 - 4b2 - 3b2  = 0       

Multitasking 

Exercise 19 



 

 

• NB = W – C – R = 0 (Participation constraint) 

• a = 4b2 + 3b2  - 8b2         

• a = - b2 

• a = - (0.5714)2 = - 0.3265    

Multitasking 

Exercise 19 



 

• Organization`s expected surplus: 

• S = E(p) + E(NB)  

• S = (X - W + NB)  

• S = (X – C – R) 

• S = 8b  – 4b2 – b2(1 + t)  

• S = 8b  – 4b2 – b2(1.5) 

• S = 8(0.5714)  – 5.5(0.5714)2  

 
Team 

Exercise 19 



 

• Organization`s expected surplus: 

 

• S = 8(0.5714)  – 5.5(0.5714)2 

• S = 4.5712  – 5.5(0.3265) 

• S = 4.5712  – 1.7957 

• S = 4.5712  – 1.7957 = 2.7755 

 

 

 

Team 
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• Compare total surplus under specialization 
and multi-tasking. Which alternative is 
preferred by the firm? 

 

• Surplus under specialization = 2.9092 

• Surplus under downsizing = 2.7755 
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• WMultitasking = a + 8b2 

• WMultitasking = (-0.3265) + 8(0.5714)2 

• WMultitasking = 7(0.3265) = 2.2855 

 

• WSpecialization = a + 4b2(1 – t)  

• WSpecialization = (0.5455) + 4(0.7273)2(0.5) 

• WSpecialization = (0.5455) + 2(0.5290) 

• WSpecialization = 1.6035  

 

 

Team - Specializing 

Multitasking - Downsizing 

Exercise 19 


