 Compute the equilibrium values of e*, X*, W*,
nt* and SS* when

B* = 02/(6% + po?)
o* = (6%/2)[pot- 62)/[po? + 67]2



e* =0p
e* = 03/(6% + po?)

X* = 0e* = 04/(02 + po?)

* = % + B*X*



W* — a* + B*X*
* = a* + [0%/(6% + po?)][0%/(6% + po?)]
* = of + 96/(92 1+ p(52)2
W* = (04/2)[po?- 6%)/[pc? + 62]%+ 0°/(6° +
pc?)?
W* = (04/2)[po?- 6% + 20%]/[pc? + 07]?
W* = [(6%/2)(poc? + 62)]/(06? + po?)?
W* = [064/2][1/(6? + po?)]
W* = 04/[2(06% + po?)]




T = X* - WH
X* = 0%/(0% + po?)
W+ = 04/[2(02 + pc?)]

T = 6%4(62 + po?) - 6%/[2(8% + po?)]
n* = 04[2(0% + pc?)]



SS* = (X* - W*) + (W* - (1/2)e*2 - RP*)

SS* = X* - (1/2)e*2 - RP*

SS* = 0%/(0% + po?) - (1/2)[6%/(6% + po?))? -
(1/2)p[0?/(6? + po?)]*c?

SS* = 04(02 + po?)/(0? + pc?)? - (1/2)[03/(6% +
pc?))® - (1/2)p[0%/(6% + po?)]*c?

SS* = (1/2)[26%(6? + po?) — 65—pH*c2]/(0? +
pc?)



* SS* =(1/2)[26° + 2pH*c? — 6°—pO*c2]/(0% +
pc?)

« SS* =(1/2)[6° + pO*6?]/(6?% + po?)?

« SS* = (0%/2)[6% + po?]/(6?% + po?)?

« SS* = 0%/2(0% + pc?)



* Compute the equilibrium values of B*, a*, e*,
X*, W*, nt* and SS* when perfect information
between principal and agent applies (for
example — RP* =0)

In the first best solution, effort e is observable. The principal only needs to
pay a fixed salary a to the agent to guarantee that the agent is willing to
participate in accordance with the individual agent’s rationality constraint.



 Under perfect information, the net benefit
(NB) for the agent is determined to be:

o + BOe - (1/2)(e)?




e The first order condition is:

dla + fOe - (1/2)(e)?]/de =0
0+PB0+0-(e)(1)—0=0
e= 36

this is the incentive compatibility constraint
and is binding on the principal




e S=(X-W)+NB

e S=X—-0o-p0e+a+poe -(1/2)(e)?
e S=X-(1/2)(e)?

» S=0e-(1/2)(e)?

« Settinge = 36

« S=p6% — (1/2)(p6)?



* The first order condition of the second stage:

d[B6? — (1/2)(B6)°1/dB =0
62 — BO2 = 0

1-B =0

B*=1



* Applying the agent’s reservation utility
o+ BOe - (1/2)(e)? >0

e Take the smallest cost

o+ B0e-(1/2)(e)’=0
a = (1/2)(6B)* — BO(6)
o = - (1/2)(6B)?

o = - (1/2)(6)?



* Now compute the equilibrium values of e*,
X*, W*, n* and SS* when

pr=1
a* = - (0%/2)



e* =0p
e*=0(1)=06
X* = 0e* = 0?2

W* = o* + B*x*
W = - (62/2) + (1)(6%)
W* = (62/2) = C(e)



Note: Under perfect information
W* =C(e)* and NB* =0
Does this make sense?
Why?



T* = X* - \W*
m* =0%-(6%/2) =(6%/2)

SS* = X* - C(e)* - RP*
SS* = 62 - (62/2) - 0
SS* = (62/2)

Note: Under perfect information SS* = t*
Does this make sense?
Why?



 What happens if instead of maximizing social
surplus, the principal maximizes profit?

(The principal would optimize = X - W where W =
o + [3X)



 Under imperfect information, the net benefit
(NB) for the agent is still:

o+ [0e + Be - (1/2)(e)? — (1/2)pP*c?

* So the Incentive compatibility constraint Is
still e = B6 and Is binding on the principal




However, the organization maximizes 1 not SS:

n=X-W

n=X—a—BX - (1/2)B2pc?

n=0e —a - Boe - (1/2)B%pc?

n = 6(B6) — a — PO(BO) - (1/2)B“pc?
n =62 - a—P262- (1/2)B%po?



The organization maximizes 7 by taking the
first order condition:

dr/dB = d(BO? — o — B2 62 - (1/2)B2pa? )/dp
=0

02 — 2B6% - Bpo? =0

2B6% + Bpo? = 62

ﬁn — 92 /(262 + p02) < 92 /(62 + p02) — BSS

Note: If the agent’s rationality constraint is binding on the
profit-maximizing principal, then 3* = 355



Applying the agent’s reservation utility and
taking the smallest cost:

o™ = (1/2)(B™)* [po? - 67]

a™ = (1/2)[0%/(26% + pc?)]?[pc? - 67]
a™ = (1/2)[6%/(26% + pc?)?[pc? - 67]
a™ = (0%4/2)[po?- 0°)/[pc? + 206°)?



er=0op"
e”™=03/(20% + po?) < €5
X" = 9e* = 04/(202 + po?) < XSS

SSt= Xt - (1/2)(e™? - RPT
SS™ = 94/(202 + pa?) - (1/2)[03/(202 +
pc?)]* - (1/2)p[6%/(20° + pc?)[“c?



» SS™=(1/2)[26%(26% + po?) — 65—pO*c2]/(26% +
pc?)

« SS™=(1/2) [30° + pH*c?]/ (202 + po?)?

» SS™=(0%/2) [36% + pc?]/(26% + po?)? < SSSS

Note: If the agent’s rationality constraint is binding on the
profit-maximizing principal, then SS™ = SS5S



Note: If the agent’s rationality constraint is binding on the
profit-maximizing principal, then

E(n) = E(X— W)
=e—oa-—pe
=(1-Be-a
= (1- B)e = W — (1/2)e* — (1L/2)pp4c?
=SS



3. The principal hires the agent to complete the project. The risk-averse
agent supplies effort e to produce output X = &+ e, where € ~ N [llcrzj s a
normally distributed exogenous noise component. The agent has CARA atility
preferences, with the coetheient of risk aversion p. His cost function is given
by €' = (e — T)*, where T is a constant. The agent's reservation utility is
Uy = 0. Find the optimal linear incentive contract {a, b} which is offered by the

principal.

o= ([4T + 1]po2 + 2T = 1) /(1 + 2pc?)?

B=1/(1+ 2pc?)



e Under imperfect information, the net benefit
(NB) for the agent is determined to be:

NB = E(W) - C - (1/2)p var(W)
NB=a+Pe-(e-T)*—(1/2)pB?*c?



‘NB]/de =0
o+ Pe-(e-T)2—(1/2)pp%*c%]/de =0
0+B-2(e-T)—0=0
2(e-T)= P
2e = B+ 2T
e=[B2+T




* SS=(X—W)+NB
e SS=(X—=W)+(W=C—RP)

*+ SS= X—C—RP

e SS= X—-(e-T)?—(1/2)pp?*c?
e SS=e—(e-T)?—(1/2)pp?c?
 SS=B/2+T—-(p/2)?>—(1/2)pp?c?



* d(SS)/dB =d(B/2 +T— B*/4— (1/2)pP?c?)/dB = 0
1/2 — B/2— pPc? =0

1— B— 2pBo? =0

B(1+ 2pc?) =1

B=1/(1+ 2pc?)



Let NB*=0

Setting NB = 0 makes profit maximization
equivalent to the (surplus) value maximization
principle

NB=W-C—-RP=0

NB=a + pBe-(e-T)>-(1/2)pp?c?=0

a=(e-T)*+ (1/2)pB?%c? - Be

a = B%/4 + (1/2)pB%c? — B%/2 + BT



Exercise 4

a = (1/2)pP%c? — B%/4 + BT

a= (1/2)B?[pc? — 1/2] + BT

a= (pc?—1)2(1 + 2pc?)?+ 2T(1 + 2pc?)
/(1 + 2pc?)?

a= ([4T +1]pc?+ 2T - 1) /(1 + 2pc?)?






* Compute the equilibrium values of B*, a*, e*,
X* W*, nt* and SS* when imperfect
information between principal and agent
applies, X = 6e + £ and C(e) = (k/2)(e)? where k
measures the agents aversion to work



B*x = 0%/0% + pxo?

o* = (0%)(pxo? - 02)/2k(02 + pxc?)?
e* = (0/x)(6%/6% + pxo?)

X* = (0%x)(0% + pxo?)

W* = 04/2k(0? + pxc?)

SS* = t* = 04/2k(0? + pxG?)



e Under imperfect information, the net benefit
(NB) for the agent is determined to be:

NB = E(W) — C - (1/2)p var(W)
NB = E(a + BOe + Bg) - (k/2)(e)? -
(1/2)pP*c?




‘NB]/de =0
o+ [36e - (k/2)(e)? — (1/2)pp*c?]/de =0
0+B0+0-xe—-0=0
e = [BO/x




* SS=(X—W)+NB
e SS=(X—=W)+(W=C—RP)

*+ SS= X—C—RP

* SS= X—(x/2)(e)* —(1/2)pP°c?
* SS = 0e—(x/2)(e)*~(1/2)pp*c?
* SS =0B6/x —(x/2)(B6/x)*—(1/2)pB?c?



Exercise 5

* d(SS)/dp = d[6%B/x — p*0%/2x—(1/2)pp?c?]/dP
=0

* 0%/x —BO0%/x —pPc?=0

* 0%/x = B[0%/x + pc?]

e B=[0%k]/[0%/x + pc?]

¢ B*= 0%/0% + pxc?



Let NB*x =0

Setting NB = 0 makes profit maximization equivalent to
the (surplus) value maximization principle

o + (30e - (k/2)(e)? — (1/2)pP?c% =0

Since e = [0/

o + BO(PO/x) - (k/2)(BO/x)%? - (1/2)pP?c? =0
ok + 20%/x - B20%/2x — (1/2)pB%c? =0

o* + [320%2/2x — (1/2)pp?c? =0

o = (1/2)pB%c? - B20%/2x




o* = (1/2)pp%c? - f20%/2k

o* = (
ok = (

Since

32/2)(po? - 0%/x)
32/2)(po? - 0%/x)

3% = 02/02 + pKG2

o* = (1/2k)(0%/6% + pxo?)?(pkac? - 62)
o* = (0%)(pxo? - 02)/2k(0? + pkc?)?



d[NB]/de =0
e* = B*0/x
e* = (0/x)(0%/6% + pxc?)

X* = Oe*
X* = (0%/x)(0%/6% + pxc?)
X* = (0%/x)(0% + pxo?)



* = o+ BEXH

W* = (0%)(pko? - 02)/2kx (0% + pxkc?)? + (0%/6% +
pko?)(1/x)(04/6% + pxc?)

W* = (0%)(pxo? - 02+ 262)/2k(0? + pxG?)?

W* = (0%)(pxo? + 62)/2k(0? + pkc?)?

W* = 04/2k(0? + pxc?)



n*=X-W

n* = 0%/x(0? + pxc?) - 04/2k(0? + pxc?)
n* = 04/2k(0? + pxo?)

SS* =7* + NB

SS* = 0%/2k(0? + pxc?) + 0

SS* = 0%/2k(0? + pxc?)

Setting NB = 0 makes profit maximization

equivalent to the (surplus) value maximization
principle



Exercise 5

o SS* =0°B/x - B%0%/2x—(1/2)pB?*c?

* S$* =(1/2x)20%(B) —(1/2x)(B)*(0* — pxc?)

o SS* =(1/2x)20%(0%/6% + pxo?) — (1/2x)(6%/6% +
pK6?)*(6% — pKo?)

o SS* =(0%2K)2(1/6% + pxo?) —(04/2k)(1/6% +
pK6?)*(6% — pKo?)

e SS* =20%0? + pxc?)/(2x)(6? + pxc?)? — 6462
— pk6?)/(2x )(0? + pKo?)?



Exercise 5

SS* = 20402 + pxo?)/(2k)(0% + pxc?)? — 6402
— pko?)/(2x )(0? + pKo?)?

SS* =0420%2 - 062 + 2pko? — pxko?)/(2x)(0% +
pKG?)?

SS* = 0402 + pxc?)/(2x)(0?% + pxc?)?

SS* =0%/(2x)(6% + pxc?)

SS* = 0%/2k(6? + pko?)






* Compute the equilibrium values of B*, a*, e*,
X*, W*, t* and SS* when utility is expressed
as UW —-C(e)) and X =F(e) + ¢

See Zhou, Xianming “A Graphical Approach to the Standard Principal-Agent”,
The Journal of Economic Education, Vol. 33, No. 3 (Summer, 2002), pp. 265-276



e Underim

verfect information, the net benefit

(NB) for t

ne agent is determined to be:

NB =U(W —-C(e))—(1/2)p var(W) =0
NB = U(a* + B*(F(e) + €) — C(e)) - (1/2)p
var(a* + B*(F(e) + €)) =0
NB = U(a* + B*(F(e) + €) — C(e)) — (1/2)pp?c*=0



d[NB]/de =0

d[U(a + B(F(e) + €) — C(e)) — (1/2)pB*c]/de = 0

U(a + B(F(e) + €) — C(e))(BF'(e) —C'(e)) =0

BF'(e)=C'(e) C’(e)=dC/de
F'(e) = dF/de

B* =C'(e)/F'(e)
So 3% = C’(e)/F'(e) is the incentive compatibility constraint
and is binding on the principal




e SS=(X—-—W)+NB

e SS=(X—-W)+(W-C-RP)

« SS=F(e)—-a—-BF(E)+ UW-C(e) -
(1/2)pp*c?

* SS = (1-p)F(e) —a + UW - C(e)) —
(1/2)p[C’(e)/F’(e)]*c*

. $S=(1- C'(e)/F’(e))F(e) — o + U(W — C(e)) —
(1/2)p[C’(e)/F’(e)]*c"



Exercise 6

* The first order condition of the second stage:

« d[(1- C'(e)/[F'(e))F(e)—a + U(a +
(C'(e)/F'(e)F(e) — C(e)) -
(1/2)p[C’(e)/F’(e)]*c?]/de = 0

« 1- C'(e) + [d(1- C'(e)/F'(e))/de]F(e) — 0 +
U'(a + (C'(e)/F'(e))F(e) — C(e))d[a +
(C’(e)/F’(e))F(e) — C(e)]/de —
[C'(e)/F’(e)][d(1- C'(e)/F'(e))/de]pc? =0



« [d(C'(e)/F'(e))/de][U(W - C(e)) - F(e) +
nc?] =C’(e) -1

» Using d(C’(e)/F’(e))=[F'(e)C"(e) -
C'(e)F (e)/(F'(e))]

* [F(e)C7(e) - C'(e)F(e)][U(W —C(e)) -
~(e) + po?] = [C'(e) — 1](F'(e))?

» Using B* = C'(e)/F'(e) or BxF’(e) = C'(e)




Exercise 6

* [F'(e)C(e) - B=F(e)F"(e)[U(W - C(e)) -
F(e) + po’] = [B+F’(e) — 11(F'(e))*

» C7(e)[U'(W—C(e)) - F(e) + po?] -
B=F"(e)[U(W - C(e)) - F(e) + po?] =
B=(F'(e))* - F'(e)

*+ C7(e)[U'(W—C(e)) - F(e) + po’] + F'(e) =
B=[F”"(e)(U(W - C(e)) - F(e) + po?) +
(F'(e))”]

* px=[F(e)(U(W—-C(e)) - F(e) + pc?) +
(F'())°) [C"(e)(U'(W — C(e)) - F(e) + pc?)
+ F'(e)]



Exercise 6

* Using ax = (1 —[*)F(e)

* ax=(1-[F"(e)(U(W—C(e)) - Fle) + pc?) +
(F'(e))?]/ [C”(e)(U’(W —C(e)) - F(e) + po?) +
F(e)])F(e)

+ e* = F(o%/(1-B)

* X* = F(ex*)

o W* = gk + PX*

e SS*=(1-C'(e*)/F'(e*))F(e*)—a + U(W -
C(e*)) - (1/2)p[C’(e*)/F'(e*)]*c"






4. Discuss the properties of the optimal linear individual incentive contract
offered to a risk-neutral agent whose performance signal 1s given by X = fe 4=,
where @ is a productivity parameter, e is the agent's effort, = ~ N(0,a?) is
the error measurement term. The agent’s cost function is € = ke?, where k
1= the marginal cost parameter. The agent's utility preferences are given by
=Y =Wle) —'(e). Find the agent’s optimal effort.



* Under risk neutral agency, the net benefit (NB)
for the agent is determined to be:

NB=W-—-C—-RPwhereRP=0
NB =E(W)—-C
NB = o + BOe - ke?



‘NB]/de =0
o+ POe - ke?]/de =0
0+PO6-2ke—-0=0
2xe = 36
e = [0/2x




SS = (X — W) + NB

SS = (X — W) + (W — C—RP) but RP = 0
SS= X-C

SS = Oe — ke’

SS = 02B/2x — x(6[/2x)?



Exercise 7

. d(SS)/dB=d(62p/2x — k(0B/2k)2)/dB = O
. d(SS)/dB=d(B02/2K — «(02B%/4x2)/dB = O
. 02/2K — BO/2k = 0

¢+ 1-B =0

¢ Bx =1

. e* = B*0/2x = 0/2k

« Since the agent is risk-neutral, then it is possible for the
principal to design the contract so that the agent accepts all the risk.
This is precisely what B* = 1 gives.




Let NB*x =0

Setting NB = 0 makes profit maximization
equivalent to the (surplus) value maximization
principle

NB=W-C=0
NB=o + 30e —ke? =0
o = ke? - Boe



o = ke’ — [30e
o = k[B0/2x]? — BO[PO/2k]
o = B%0%/4x — B%6%/2x

o = — [(20%/4«

The agent buys the project from

the principal and becomes the residual claimant
of the project.



