ECE 612: Information Theory
2018 Midterm

Instructor: Patrick Mitran

This exam consists of 5 problems and XYZ pages.
The exam duration is 2 hours (120 min).

You may bring one letter or A4 size sheet of paper with any handwritten notes that you wish

(on both sides). There may not be any photocopied content on the sheet.
You can neither communicate nor collaborate with others during the exam.

Questions are allowed but will be answered only if you cannot understand the statement of a

problem. We will not comment on any other issues.
Any person that is found cheating on the exam will be immediately reported to the authorities.

All answers must be written legibly. We reserve our right to reduce your grade if your answer

is not written in a legible manner.

A final correct answer does not mean much to us, if the corresponding approach is not clear

and sensible. Please explain your solutions and convince us that your solutions make sense.

We wish you the best of luck in this exam and also in your academic endeavor.
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Problem I: Let px and ¢gx be two probability mass functions (PMFs) on X with |X|
finite.

a) Assume px(x) > 0 and ¢gx(z) > 0 for all x € X. Let X;,Xs,..., be drawn indepen-
dently and identically (iid) according to px. Does the following expression converge in

probability as n — oo? If so, to what and why? If not, why not?

%log[QX(XQQX(X?) “gx (X))

b) With py fixed, consider the function of ¢x:

=) px(x)loggx(x).

reX

Show that f(qx) takes its maximum when ¢x = px, i.e., show that

rr;in(qx) = f(px)

Is this maximum unique? Explain.

Solution:
a)
1 1
Slogax(Xy,..., Xn) = —logax(X1)ax (X2) -~ ax (Xn)
1 n
=~ loggx (X
n-
i=1
— Expy log gx(X)] (in probability by WLLN)
=Y px(x)loggx(z).
TEX
b)
f(px) — = px(z)logpx(z) — > px(x)loggx(z)
zeX zeX
=Y oy px ()
qx (z)
reX
= D(px|lax)
>0

with equality in the last step iff D(px||qx), or equivalenty, iff px = ¢x, so the maximum is unique.



Problem II: Let px and gx be two probability mass functions (PMFs) for the random
variable X, and let py|x and gy x be two conditional PMFs for the random variable Y

given X. Assume the following is known:
e px(z) >0 for all z € X,
® gx(z) >0 for all z € X,
o I(px;pyx) =1,
o I(gx;py|x) =2,
o I(px;qy|x) = 0.

a) Based on this known information, provide a bound on I(%px + %QX;pylx) other than
the trivial bound that it is non-negative.

b) Based on this known information, what can you say about I(qx;qy|x)?

Solution:

a) Since I(rx;7y|x) is concave in rx:

1 1 1 1
I(ipX + §QXSPY\X> > if(Px;pr) + §I(QX;pY|X) =1/2+2/2=23/2.

b) Since I(px;qy|x) = 0, then this implies that X and Y are independent under the distribu-

tion px (z)qy|x (ylz), i.e., px(z)ay|x(ylr) = px(x)gy(y) or, since px(z) > 0, qyx(y|z) = qv(y).
Therefore, gx (z)gy|x (y|z) = gx(7)qy (y), i.e., they are independent again. So I(gx;qy|x) = 0.



Problem III: Let X, X1, Xs,... be a stationary random process. For each of the three
statements below, either prove the result, or give an example that shows the statement
is not always true.

a) H(X,,|Xy) = H(X¢| X,,) for all m >0,k > 0.

b) H(X;X;|X}y) = H(Xy|X;X;) for all i > 0,5 >0,k > 0.

c) H(X;X;| Xy Xy) = H(X,X¢|X;X;) for all i > 0,5 >0,k >0,¢>0.

Solution:

a)

I(Xm§ XE) = H(Xm) - H(Xm|X€)

= H(Xy) — H(X(|Xom).

Thus, H(X,,) — H(X,»|Xy) = H(Xy) — H(X|X,,). Now, since the process is stationary, H(X,,) =
H(Xy). Thus, we must have H(X,,|X;) = H(X¢| X).

b) Let X, be a sequence of iid random variables. Then H (X;X;|X;) = H(X;)+H(X;) = 2H(X))
and H(Xy|X;X;) = H(Xy) = H(X1). These are not equal unless H(X;) = 0. Hence, if X; is a
Bernoulli random variable with parameter 1/2, then H(X;) = 1 provides a counterexample.

c¢) Let Xo, X1, X2 be iid Bernoulli random variables with parameter 1/2. For n > 0 let

Xo when (n mod 3) =0
Xn=9 X; when (n mod3)=1
Xy when (n mod 3) =2

Then H(XoX1|X2X5) = H(XoX1) = 2, but H(X2X5|X0X1) = H(X2X5) = H(X2) = 1.



Problem IV: In class we saw that a prefix (or instantaneous) code over a D-ary alphabet

must satisfy the Kraft inequality

ZD—@ <1
7

where /1, ... ¢, are the lengths of the codewords.
Now consider the case that we wish to “reserve space for future expansion of the
code”, i.e., suppose we wish to optimize
min » pil;
pip Do

subject to: ZD*& <f
i

where f is a known constant 0 < f < 1 that accounts for the amount of space we want

to reserve for future use and /y,...,/,, are non-negative integers.

a) Solve the optimization problem for the case when the lengths /1,. ../, are relaxed to
real values. For the relaxed problem, what are the optimal lengths ¢7,...,/;, and what
is L* =Y pili?

b) Under what conditions on f and p,...,p,, is the solution in a) optimal for the original
problem where /4,...,¢,, must be integers?

c) Design a good prefix code for the case that D = 2, p; = 4/7, po = p3 = p4 = 1/7 and
f =17/8. Specifically, provide the 4 codewords of the good prefix code.

Solution:
a) The optimal solution will have equality in the constraint since otherwise, we could do better.

The Lagrangian is then:

J= tipi+ XD D).
i i
Taking derivatives with respect to ¢; results in:
pj —AD % 1InD =0,

from which we get




and therefore

v Pi 1
D ZJ et = =
; - AlnD  AXInD /

and hence A = fhll 5+ Substituting this back in, we get

D74 = fp;,

or {7 = —logppj —logp f, and

L* =% pil; == pillogpp; +logp f] = Hp(X) +logp(1/f),
=1 7

so we pay a penalty of log(1/f) in rate.

b) We have equality provided £; = —logp(fp;) are all integers. (Note: this is always non-negative
since both f <1 and p; < 1). This is equivalent to fp; = D% for integers ;.

c) Let’s pick the lengths to be £; = [—1logy(fp;)]. Then

01 = [~ logy(7/8 x 4/7)] = 1
0y = [~ logy(7/8 x 1/7)] = 3
05 = [~ logy(7/8 x 1/7)] = 3
04 = [~ logy(7/8 x 1/7)] = 3

So, without loss of generality, we pick ¢; = 0. The next codewords must start with a 1. So we pick
co = 100, ¢c3 = 101 and ¢4 = 110. This leaves codewords that start with 111 for future expansion,

and these “occupy 1/8th of the codespace”.



Problem V: Consider the ternary erasure channel with X = {0,1,2} and Y = {0,1,2,¢}
where the output Y = e denotes an erasure. The channel has py|x as below where a is

a known constant.

l—a y==
pY|X(Z/|9U>:
a y=ce
0 1-a >0
a
1 la 4
a
1-a
2 > 2
a
(&

What is the channel capacity in terms of the constant a? Prove your answer.

Solution 1: One could try to prove this by setting px = (bo, b1, b2) where the latter is a probability
vector, and then optimizing I(X;Y") over by, by and b3 subject to the constraint 1 = by + by + be, but
this is rather complicated.

Instead, consider
px = (bo, b1, b2)
px = (b1, b2, bo)
px = (b2, bo, b1).
Then by symmetry
I(p%;pyix) = Ik oy x) = I(P%; Py x)-

Hence, by concavity of I(px;py|x) in px:

1 1 1 1 1 1
I(5p5% + 3Pk + 3P pyix) = S10%pyix) + 51 (0x;pyix) + 510k Py x)
= I(p%; py|x)-



But, %pg( + %p}( + %pg( =(1/3,1/3,1/3), i.e., the uniform distribution on X. Hence,
111
I((§7 3 g)QpY|X) > I(pgde\X)'

Since this is true for any p%-, the uniform distribution maximizes I(X;Y). Since px = (1/3,1/3,1/3)
maximizes capacity, we compute I(X;Y) = H(Y) — H(Y|X) under this input distribution. Then,

_ l—-a 1—a 1—a a
pyi 3 M 3 ) 3 M )

hence
H(Y):3><—1;alog1_a—aloga
—(1—a)log1_a —aloga

=—(1—-a)log(l —a)—aloga+ (1—a)log3

= h(a) + (1 — a)log3.
Also,

H(Y|X)= ZH Y|X = z)px(x Zh

Therefore

C=h(a)+ (1 —a)log3 —h(a) = (1 —a)log3.

Solution 2: This approach is similar to the BEC in class.
I(X;Y) = H(Y) - H(Y|X),
and
H(Y|X) = ZHY!X—pr Zh a)px(z) = h(a),
then

C =max [H(Y) — h(a)].

Px



Now, define the randome variable £ = 1(Y =e¢), i.e., E=1if Y = e and Y = 0 otherwise. Then

H(Y)=H(Y,E)

= H(E) + H(Y|E).

Now H(E) = h(a) since PY =e] =)  PlY =elX = zlpx(z) =), apx(x) = a. Also, if Y # e,
then Y = X. Hence

H(Y|E) = H(Y|E = 0)P|[E = 0] + H(Y|E = 1)P[E = 1]
= H(X)P[E = 0] + 0P[E = 1]
— H(X)P[E = 0]
= H(X)(1 - a)

Hence,

C =max [H(Y) — h(a)]

pPx

= max [h(a) + (1 — a)H(X) — h(a)]

pPx

=max (1 —a)H(X)

pPx

= (1—a)log3.



