Lecture Week 1: ALGEBRAIC FUNCTIONS
(REVIEW of HIGN SCHOOL MATHEMATICS)

1.1 Definitdon of a Functon.

Afunction f from set A to set B {or simply function) is a rule that assigns to each
element (or number) X of the domain set A exactly one element called f(x) of the

codomain setB.

We can also say that
function f Is an assignment that associates to each element in the set A exactly one

elementofsetB
- function f maps elements from the set A into elements in set B.

y= f(x) is theimage of x under transformation f .
function f expresses a relationship between two sets of numbers.

We'll beusingnotation * f fromAtoB® f:A—B or y= f(x)
x is called independent variable, y is called dependent variable

There are four ways to represent the function: tables, diagrams, formulas, and graphs.
We'll be using notation R to define the set of real numbers.

The domaln of f is the largest subset of R, for which £ Is defined:
Dom(f)={x € R|f(x)is defined}
The range of f Is the setof all possible values y = f(x):
Ran(f)-{yERly-f(x) for x€ Dom(f)}

Notations used in definitions are called “set notations™; - | » means “suchthat”, “&" means

“contains in” -
. Gngrat) (utpot)
Machine dingram for a firpetion §

Example: ’ -—I-L
(a) Cousider function f = -J; . I's defined for all positive numbers. All positive numbers form
the set A, which is proper subset of R. In the set notation: A C R.So, the set A in this
example is the domain of f = J.; . f(x) has domain [O.G‘-')

(b) Consider function f = x2.1t's defined for all real numbers; so all real numbers form the set
A. The output of this function is the set B that can contzin only positive numbers. The set B
isa proper subset of R: B C R where the set R s the codomain of f and the set Bis the

range of £ =x*. f(x) has range [0,c0}.
(c) Consider function f =.x*.This function is defined for all real numbers and its output (s
also the set of all real numbers. In this example codomain of f is also its range.

Notations used in example are called “interval notations”.



Example: Express Domain and Range of f(x)= 7:::-—1- in interval notation.

z
-{ >0
;)lf ;1[ X¥>0 'ﬂuh, ’Xl >1 =7,X'>1
X, X>0 | X >0 77 XE o,mn(4,m)=7fé(7-°‘)
IX1=94_x x<0 E‘>Wf {x>r o 1 G
ixl >4

—x>4 = x<-1

[X<O 777 1 _Xééaa,-,)n (-gqo)_-_-lyXéGQq_‘

C’onokmh'ow: dom () = (/,aa) U(—m,-l)
fan f(x). = (o,ao)

1.2. Equality between functions.

Twao functions are equal iff:
a) f(x)= g(x) forall xin the domain of L

b) f(x) and g(x) defined onthe same domain.

Example: Whether or not f(x)= '{—:ll is equalto g(x)=x+1?

{&)= x;:j =Q‘E7ﬂ;”)e)r+4

Dom £(<) = {x € R |x #15

g(x) = X+1
Oom §6)=1{ x €R]

Cowcticston f6)#g(x) (A% ) /



1.3. Vertical Line Test
A curve in the XY plane is the graph of a function [ff na vertical line intercepts the curve
more than once.
Function. Not a Function. y

({1}
: M“x’:-n { i :
A ;
| ‘kl' l(l 1)
T : - ET S
Vo ! i
Geaph ol‘d.yz-:;’ 23 ‘This

graph fails the Vertical Lins Test. so it is
ot the graph of a function.

1.4 Evenand Odd Functions.

Afunction fisgvenif f(-x)=f(x) forall xinthe domain of f(x).
Graphs of even functions are symmetric with respect to y -axds.

Example: f(x)=x* -3 is the even function. Check f(-x)= (~x)*-3=x*-3= f(x)

Afunction fisoddif f(-x)=-f(x) forall xinthe domain of f(x).
Graphs of odd functions are symmetric with respect to the origin-

Example: {(x)=x isthe odd function. Check f(-x)= (~x) ==X ==f(x)

{-a. B)==——b1
\ [
1
29, - ‘
=
(A) Bven function: f{-) = fix) (B) 0dd fuperion: f{-x) = ~J{x) {C) Neither even nor odd
Gragh ia symunetric Graph Is symmetric
abcut tho y-xxis. shogt the origin.

A function is neither even nor odd if f(-x) F(x) and f(=x)=~ f(x)

Example: f(x)= 2.;:-2

is neither even nor odd function.

-X

—x =
(-xP+2 -x'+2

-x___x o f()

=572

» f(x);

Checls f(-x)=




15 ALibrary of Algebralc Functions { f(x)=y).

1.5.1. Constant Fynctions y -C_ ay
c
Dom f(x)={xER}. _——
Ran f(x):-{yERly-C} X

1.5.2. Power Functions
y=xf

a) Even Power Functions (p=2n, n=1,23.)

y=x'

Dom f(x):-{xER},
Ran f(x):-{yERlyzO}

b) 0dd Power Functions (p=2n-1,n=1,23...)

y_xln-l

Dom f(x)= {x € R}.
Ran f(x)={yER}

c) Even n-th Root Functions (p=- iln—' n=1,23.)

L
y=x

Dom f(x):= {x ERjx=0},
Ran f(x):a{yERlyzO}

d) Odd n-th Root Functions(p = -i—’;l:—l-.n-l.z.a...)

y=xi

Dom f(x):-{xER}.
Ran f(x):= {y E€R}




€) Negative Even Power Functions(p = -2n,n=123..)

y=x ‘J :
Dom f(x)={rERx#0] -

Ran f(x)={yER|y>0}

f) Negative Odd Power Functions(p = -2n+1,n=123..)

y=x"

Pom f(x):={XER[x=0}, - = >
Ran f(x)={yER]y=0} ﬁ
15.3 Polynomial Functions. :

Fx)=ax" +a, 3" +...+ax+a, where {a,,a,,_,,....ao}e R

The degree of a polynomial function equals to the degree of leading term of corresponding

polynomial: for n=1 we have linear function.

1.5.4. Rational Funcrons.

B nere Q_(x) isnot the zero

A rational function is any function of th =
ratio nction Is any on of the type f(x) 0.()

polynomial. The Domain of f(x) isthe setof all x such that 0. (x)=0.

Example. Monod Function y(x)-aﬁ-; aeletle = — —
’ﬁ»—
pea A0)= 4Kt 4X 14 ‘

nz1  fG) = AXH D ;
=0 f(x) = aa
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2x if x<-3
2x if x=23

P a SRR NER

"

Dom f(x):= {x (= R},
Ran f(x)={yER]¥>

y={ x2*+1 if -3sx<3
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15.6. Absolute Value Functions.

Example

x if x=20
y=|x|=
-x if x<0

pom f(x)={xER},
Ran f(x)= {y ER|y=0}

1.5.7 The Floor and Ceiling Functions

Fy=jA

Dom f(x):= {x e R},
Ran f(x):={y€Z}

J: Sin ¥
g: /J%'nx)

-]
T
7 | /f)(”j/[por“

B4l ce?@fwj




1.6 Operations with Functions.

Let f and gbe functions with domains A and B respectively, then

(f z8)(x)= f(x)=8(x)s Dom(f +g)=ANB
(fe)(x) = f(x)g(x) Dom(fg)~=ANB

i.(;)-i.%, Dam(%):-{xEAn Blg(x) =0}
1.6.1 Transformations

a) Vertical and Horizontal Shifts.
Suppose ¢>0, € €R then to get the graph of

1. y= f(x)+c shift the graph of y = f(¥) ¢ units upward

2. y= f(x)=-c shift the graph of y= f(x) € units downward
3. y= f(x=¢) shif the graphof y = f{x) € units to the right
4. y= f(x+c) shiftthe graph of y= f(x) € units to the Jeft

v

L] ’
1 4 4 4 3 3 G 3 E 0 5.
g x




b) Reflecting
Suppose c>1, cER then to get the graph of
1. y =—f(x), reflectthe graph of y = F(x) about the x-axis
2. y = f(~x), reflect the graph of y = f(x) about they-axis

7 B8 5 4 38 -2

s Sy

I} | A

¢) Vertical and Harizontal Stretching and Compression.
Suppose c¢>1, cER then to get the graph of
1. y=cf(x), stretch the graph of y = f(x) vertically by a factor €

2y= %f(x) ,compress the graph of y = f(x) vertically by the factor €
3. y = f(cx),compress the graph of y= f(x) horizontally by the factor of ¢

4.y =_f(%). stretch the graph of y = f(x) horizontally by a factor €
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1.6.2. Composition of Functions

For two functions f(x) and g(x) composite function is defined by f[g(x)}|= f-g.

Let D, and Ds bedomainsof f(x) and g(x) respectively, then

thedomainof f[g(x)}= f-g isthesetdfall x inthedomainof g suchthat g(x)i#t the
domain of f: Dom(f > g):= {.r €D |ejeD,}

Example:

Let f(x)=x" and g(x)= Vx-3 Find fog g<f. f<f g-g and their domains.

Answer;

feg=A,[3]= 98- (\)F;)"-:x-g"‘ Dom (fog), = free (x> 3}
- f[}]—ﬁ J_ff_—?= ‘/fo_-_'-3 | Dem(g-4):= {xer| x>t
g = 9LF] = J£-3 = /x-37 0tw@:f).'=[xé£|X":E}U{*é’?l*”%
£of = 4] FEo X" Oonifd)= (5D

We also can apply the rule of composition to more than two functions. For example, the composition
of three functions f.g and h isdefinedas (f-g-h)x)= flg(h(x))|

Example

Let f(t)-nl- gX)=x' and h(x)=x*+2. Find (f-g h)(.r)=f|g(h(.\'))|

Feg-*=Fflatt)]= 5
(k)= 4% (xr2)?

( *")

10



) s one fooone if forate 4 L€ . the Dom f(x)
a+ 8= Fla)+ F(¢)

“not 4" =» hof b
Contrapos: hive sfa fement: fa)<fle)=pn=6
Aw B 'ifA the B

| Definition.
(f-f) f{x/m one —fo-one r'f 7%;/ ol a 8 m,'?%bﬂwf{y

4¢84 = f(a)* 114)
(i F Fistre | Hou Bia oluo fruc)

( 1-1) caﬂﬁ’qﬂoc?r'ﬁir& fotenent- . f@):f{g) = a =8

’ifﬁa-ﬁ’m‘.fbﬂ '5 u el

Ex: Show Hhat )= A%+5 1y 4-1 Iid &
:m-/:oa
Qisune fhat f[s) = £ (€) of -1 foun
Qaes = /é"i-}

A=68 -— Conecels/ou - #laf= H8) itf a=
Ex: Uhiin or net f(x}:&xl+5 e -4 _7
Assume fat fla) = £(2)

™ A5 - 1848
4%6% (a-¢lar)=0 ) a*= B*

\ a=gg % a=t8 .- souctuslon,
Ty o 2 # 8= Ha)=1f)

Lo fG) u met -1,



1.8 Inverse Functions.

Let f beaone-to one function with domain A and range B. Then its Inverse function f~' has
domain B and renge A and defined by f~'(y) = x> f(x)m=y

Domaln of /= raage of ! | ars ,,i Bg ac ) Range of /= domain of £

Example
Suppose for a given one-to one function f, f(I)=5, f(3)=7 and f(8)=-10.

Find f(5), (1) and  f7(-10).

f1, 13, £ 69

D (#t) o ool )

1.8.1 Property of Inverse Functions.

Let f beaone-to one function with domain A and range B. The following cancelation properties
indicate that f~' isthe inverse of f and vice versa.

Lf(x)=sx for all xin A
fif'x))=x for all xin B

Example: — -f
Showthat f(x)=x" and g(x)= Yx areinverses of each other. _{ ) — j.
csl :F

[hvonse 'J[’a!év—ci

Solution. /e eclﬁm

To show that these functions are inverses of each other we use the property on inverse functions.
Note that domain and range of both functionsisR.

A f(O=glP]= e =x
flete i1~ @Ax ¥ =x

are inverses of each other. _/ -t
C e fefex

12

We have , 50 by the property ofinverse functions f and g



1.8.2 Finding the Inverse Function of one-to one Rational Functions.

1. Write y= f(x)
2. Solve the equation for X interms of y

3. Interchange x and y.The resulting functionis y= f~'(x)

Example:
Find the Inverse function of f(x)=+/4—x and sketch the graphs of y = f(x) and y = f'(x).
y 8®=T=4-22

Ly=vd-x = £(x)

. Y =d-x
T x=4-y?

3.y-4=l-—J:2 > 7["(1)

In order to sketch the graph, we observe that Dom(f(x)):={xE Rlx <4} and
Ran(f(x))={yE Rlyz 0} and the Ran(f™(x)):={y € Rlx <4} and

Dom(f(x))={x€E Rlx 20}. Graphsof f(x)= J4—x and y=4-2x* arereflections of each
otherin y=x

Example:
Find the inverse function of f(x)w= x* +1 and sketch the graphs of y= f(x) and y= f~ 1(x).
3 P
1 g Xl 1 J=x+
A x>

y="y-1
3 g=§’/§—7‘r{"{x)

13
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o Xtd, X<-2
¥ —[(x)—‘— ~X-2' -2 £X<0

x+2) x>0
2
X" X20
= )
go‘) {,4__ , X40

9‘1’{% —)w;uch;, for amy .
{[j]"‘ { 94-2, > 44 <o ~ he suchg qoravy X
(_:] g'i'cl) 3—?0 < X<’0, 9‘1;+(% -3

Y20, 4= X )=
g 3, X<o
& )C+;1 Xz0

Cr X X
. S"B‘w ’(‘/h-oué- —?()0): 1—_—)(- aud gcﬂ) - _{__;;_
Ofe  wvarsu of each ot
’}03 = Lz l-fx K x
{-—3 f“ X 4t x-X

[+ X%

"3:-“”{-:')".( 3°£'=X==,Fo%



