SoruTions To MATH 104 PracTICE Exam

1. Suppose that f(x) is a function such that f(3)=1 and f'(3)=-2 . Letg(x)=In(x2+ [f®) ) . Findg'(3). [10 Marks]

7' }

Solution: g’(x)=m {2+ /@17 -f'@} = —JJT {2x+ TG

o T PRI A ) I S SR T SO (RS S SR e 5
O {23+2W} e {6+2JT} st {6-2} = L.16-11= 4

2. Find an equation for the tangent line to the curve (x* +y%)2 =4xy? atthe point (1,1). [10 Marks]
Solution: %(f +y3)2 = %(413’2)

263 +7%) 63 +9%) = (307 1L w)

2(x* +y%)- [3:2 +3y? -@-] = 4(1: -2y% +y%. 1)

2% +p7) - 3[}: +yP== g] = 4[213;% +y2]

Plugginginx=1, y=1,

ﬂ]_ (ﬂ ) & _ Y .
2'2'3[]+dr =42l = 124125 = 844 = 4-p =8
The slope of the tangent line is m = dxl = =2,

(L1)
The equation of the tangent line is therefore y—1=-2(x—1) or y=-2x+3.

3. Let f(x)=xInx. Compute the 4" degree Taylor polynomial of f(x) about a=5. [10 Marks]

Solution: f(x)=xInx, f(5)=5In5;
f'(x)=x--}?+lnx-]=l+lnx, f'(5)=1+In5;
1@ =0+ =x7, 1'® =%
/==, F"S)=-75;
fMew=at=2, Sy he

The 4" degree Taylor polynomial of f(x) about @ =5 is therefore

10 = f@+ LD -+ L 2 1 LD 3 o L@ (s
_f(5)+fl(')(x 5)4,&5_ P fm(5) =Sy f""(S) [7G) sy

l+InS

...L ,;.
= 5In5+ -5+ (x 52+ ” -5+ S 2-(-5)*

= Sln5+(1+ln5)(x—5)+—l—6-(x—-5) ——-l-%ﬁ(x~5)3+ 365 (¢~ 5)*.
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SoLuTioNS To MATH 104 PrAcTICE Exam

4. The demand g for a product is a function of the unit price p. The elasticity of demand E(p) is defined by
p dq
E(p)= “'(7 @
60 —
Assume that p and ¢ satisfy the demand equation g = 4 1/ 7 2 foro <p<60.

(a) Find the elasticity of demand when p = $50.  [5 Marks]

Solution: %'g_ =4 ;;[mpﬂp]% 24%(60T_pJ_%%['6})p;p) o 2[60;!’ J_ r P 45(60 ‘P);GO —p)-%(p)

=2[60_PJ_J’-.P‘(—l)—(ﬁo—P)'l=2[60—p]"2!' p-60+p _, 60

2 2 Z 2 B
% 3 P

o

; 60-p 1 dg 120 120 _ 430
Since 7 =3P wehave ' R ‘/Tp - q) , So the elasticity of demand is
E=_2 % =_g[_4ng Sasn e a8 30
9dp = 9\ pq) pg? p-16(52)  60-p

When p = §50, the elasticity of demand is E = _@,&_Q_ﬁ =3

(b) Use the result of part (a) to estimate the percentage change of demand when the price increases 0.7% from $50.  [5 Marks]

Solution: Since the elasticity of demand is £ = 3 at the price level of p = $50, this means that every 1% increase in price above the
$50 level will result in an approximate 3% decrease in demand. So if the price increases by 0.7% from $50, the demand
will go down by about 3 X 0.7% = 2.1%. That is the change in demand will be approximately —2.1% .

5. Let f(x)=x?—5x+2-3Inx. Find all values of x at which J(x) attains a local maximum, and all values of x at which f(x)
attains a local minimum. Justify in each case that you have found a local maximum or local minimum.  [10 Marks]

Solution: At a critical point, f'(x) =0, so 2x-5 — -%— =0. Therefore 2x2—5x—3 =0, or 2x+ 1)(x-3)=0.

So either 2x+1=0 orx—3=0. The solutions are therefore x = -+ and x =3. The negative solution must be rejected
since Inx is undefined for x < 0, so the only critical value is x = 3.

Since f"(x)=2 G ) 3 >0 , the curve is always concave up and so, by the Second Derivative Test, the critical value x =3
givesriseto a local minimum. Since there are no other critical values, the function f(x) never attains a local maximum.

6. Let f(x)=x%¢ . Determine where the graph of f(x) is concave up. [10 Marks]
Solution: f'(x) = x“-g;(e"‘) +e~* -Ex-(x“) =x'-(-e®)+e* - (4x3) = e (4x? - x*)

') = e"‘z(ﬂb." -xY+@x3 -x%) ;ﬁ‘;—(e“’) = e¥ . (12¢% — 4x3) + (4x? = x%) - (™)

I

e - [(12¢% - 4x%) - (4x® —x*)] = e [12x% -8x® +x*] = x2e*(12-8x+x?) = x2e™*(x—2)(x - 6).
The graph of f(x) is concave up when its second derivative is positive, i.e. when /" (x)> 0 .

Since f ”(x) x2e™*(x —2)(x - 6) is the product of four factors, of which the first two (x* and ™) are never negative, the
sign of f"(x) is completely determined by the signs of the last two factors, i.e. (x — —2) and (x— 6). These two factors are
equal to zero at x =2 and x = 6 respectively, so we have three cases to consider;

| x-2 | x-6 | f'®)=x*x-2)(x-6)
Casel! <2 - - +
Case2: 2<x<6 + - -
Case 3: x>6 + + +

We see that /" (x) >0 only whenx <2 orx>6.
So the graph of f(x) is concave up only on the intervals (—, 2) and (6, ©).
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SoLuTions To MATH 104 PrRACTICE ExaM

7. A company sells g desks per month. The monthly cost is C(g) = 600 + 30g and the demand equation is p = 180 — 30 In g where
q is the number of desks sold per month at price p. Find the maximum profit, the production level that will realize the maximum
profit, and the price the company should charge for each desk. [10 Marks]

Solution: The profit is given by P = R— C (revenue minus cost), where the revenue is R=pg = (180-30Ing)q.
P(g) = R-C = (180-30Ing)g — (600 +30g) = (180g-30gIng)—600-30g = 150g —30q Ing - 600.

‘z; 150 -30(q - --+]nq 1)-0 = 150-30(1 +Ing) = 150-30-30Ing = 120-30Ing.

At a critical point, ‘;ﬁ; =0, s0120=30Ing or Ing=4, so g=e".

Since ﬂ;f 0- ? 60 = <0 , the curve is concave down, so the critical point gives a local maximum (by the

Second Derivative Test). The maximum profit is then

P(e*) = 150¢* —30e* Ine* - 600 = 150e* —30e* -4 -600 = 150¢* — 120e* ~600 = 30e* - 600.
The corresponding price is p = 180—-30Ing = 180-30Ine* = 180-30-4 = 180-120 = 60.
So the maximum profit is P = 30e* — 600, the production level is ¢ = e*, and the price is p = $60.

8. (a) Use a linear approximation to obtain an estimate of /26 . [5 Marks]
Solution: Let f(x) = / x . We want to approximate £(26) = /26 .

Since f(x) = E '—x_f thereforef(x)=--x l—#. Leta=25.
So f(a)=f(25) = J25 =5,and f'(a) =f'(25)= ?J]:‘—=”L()".

The linear approximation to f(x) near a =25 is
J&) = fa)+f'(@)(x-a) = f25)+/'(25)(x-25) = 5+ ‘Tlﬁ‘ (x-29).
Therefore V26 =/(26) ~ 5+ (26-25) = 5+ = 5.1.

(b) Use a quadratic approximation to obtain a better estimate.  [5 Marks]

Solution: Find the second derivative /" (x) = —%x“} =

1
4/7%

il e ity G S C, 20
So f(@)=f"(25) = a5’ 43 50

The quadratic approximation to f(x) near a =25 is
fx) = fla)+f'(a)(x—a)+ -l—f”(a)(x -a)? = fQ25)+f'25)(x-25)+ -l-f"(25)(x -25)?

=5+ 95 (¢ =25)- % - 5h5 (6 =25)* = 5+ (c~25)~ 15 (- 25)%.

= Loy sen e oed ean t L 5 .
Therefore /26 = f(26) ~ 5+ 10(26 25)-Too0 26250 = 5+45~Togg = 5-000+0.100-0.001 = 5.099.
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9. A zero-coupon bond is a bond that is sold for less than its face value and has no periodic interest payments. Instead, the bond is
redeemed for its face value at maturity. Thus, in a sense, interest is paid at maturity. Suppose that a zero-coupon bond sells for
$400 and can be redeemed in 16 years for its face value of $1,000.

(a) What is the nominal interest rate of the bond under continuous compounding? (A calculator-ready answer is enough.)
[5 Marks]

Solution: The amount A that the principal P will grow to in ¢ years under continuous compounding at a nominal interest rate of
100r % is given by

A="Pe”.
Here we have A = 1000, P =400, t = 16, and we need to solve for r.
1000 = 400"
1000 _ 16
400
in12 = 16r

yora -11—6—ln2.5 ~ 0.0573

The nominal interest rate is 100r % = —l-lgﬁﬂ In2.5 = 5.73% per year.

(b) What is the doubling time under the interest rate scheme in part (a)? (Again, a calculator-ready answer is enough.)

[5 Marks]
Solution: If the doubling time is # years, then the amount to which the principal P will grow will be 4 = 2P . Therefore
2P =Pe"
2=¢"
In2=nrt
In2

=

|

Using the value of » from part (a) gives a doubling time of

- Jn2. -16In2
t= —,16-1112.5 =i = 12.1 years.

10. 1t is desired to use Newton’s Method to find the value of x where the function f(x)=x* —x> —2x + 1 has its absolute maximum.
Find x; if xp = 1. Note that you are only required to find x;. [10 Marks]

Solution: Since lim f(x)= lim x*—x3-2x+1) = lim xf1-4- x—z, + ;l;-) = oo, there can be no absolute maximum. There will
only be an absolute minimum and it must occur at a critical point, where f'(x) =0. Since f”(x) = 4x® - 3x2 — 2, we must
solve the equation 4x> —3x% -2 =0,

Let g(x) =4x> —3x%-2. Therefore, we need to approximate the zeros of g(x) by Newton's Method.
Since g'(x) = 12x2 - 6x, we have

go) . 1) o S
Tge) 1_g’(l) =l = Leegim o L0,

X1 = Xo
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