Question 1 (10 marks]
A miner is at the center of a maze. Two doors lead out of the maze.

e If the miner chooses Door 1, he/she returns back to the maze after 1 minute of scampering;

e If the miner chooses Door 2, he/she always has 0.5 probability getting out of the maze in 1
minute and 0.5 probability getting out of the maze in 2 minutes.

Suppose the miner always chooses Door 1 with probability 1/2 and Door 2 with probability 1/2.
Let X = number of minutes for the miner to get out of the maze.

(a) (3pts) Find E(X).
(b) (4pts) Find E(X?) and Var(X).
(c) (3pts) Find P(X = 2).

Hint: conditional on Y, where

2, if miner chooses Door 2 at the first time and gets out of the maze in 1 minute,
3, if miner chooses Door 2 at the first time and gets out of the maze in 2 minutes.
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Question 2 {10 marks)
Suppose X), X3, X3,... are a sequence of independent random variables such that for n > 1,
Xp ~ Bin(2,0.5").

That is, X1 ~ Bin(2,0.5), Xz ~ Bin(2,0.5%), X3 ~ Bin(2,0.5%), and so on. Assume N ~ Geo(0.5).
Further N and X, X2, X3, ... are independent.

(a) (3pts) Find E(Xy).
(b) (4pts) Find E(X%) and Var(Xy).
(c) (3pts) Find P(Xy = 2).

Hint: for (a)- (c} conditional on N.

Note: 3 2> 19 ”ﬁ'
ot |
(@) E(XM):E[E(,XMIN)) Xn&Navz
EKwin=n) = E(Xn{p=n) % ) =206 @
Substitutin ik -
. . $ Y
Honge E(Xu[N )=2x 05" -1 o

n ,/\
i E(XN) [:[l*og-/ﬂ 602*05 *P(N:m)—a:zﬁ‘c)f)
b)  E(XW)= ELECW V) vy

it

E (XN [W=n) = E(Xn Jp=n) = E O ) = (AV(Xa) +EGn) O

mhrtw:tw vl = 220" (0" 4 2% @)
LKLy ¥ oy O

=) E(Xn W) =2% 05"+ 2 o-x’”
E(Xn)= EEZ%Oﬂ-/-)_x 0.2;/"] ,,_, Cz-)HJ 5§ %o }g”)*os
= + 7 0,
2 20
= E(XW)= ‘:"+Z- /
VaviXn) = 542 _ét - =+3 0 (%\_

2
l_o)a' "g

" STAT 333 Spring 2019 Midterm | Please iital
‘ © 2019 University of Waterloo |:] Page 4 Of 9

09



Ic)
POw=) = = POw=2l =n) ¥ pp) 65)

= g Ph=2|p=n) x o.c"

= =] P(Xn:),),\;og"\ QO

- o 2
=& LT xes @

I

)

(1

N ZMy

" STAT 333 Spring 2019 Midterm 1 Please nitial
 ©2019 University of Waterloo I:l Page 5 Of 9 ;




Question 3 {10 marks]
Suppose Xi, X»,... are a sequence of independent and identically distributed uniform random
variables with probability density function

f(rc):{l’ 0<:c<.1,

0, otherwise.

Let Y be a continuous random variable with probability density function

3%, O<y<l,
9) = {0, otherwise.

We further assume that Y and Xy, Xy, ... are independent. Let T = min{n > 1: X,, < Y}. That

is, T is the first time to get a smaller value than Y in the sequence {X,},.

(a) (3pts) Find P(T=2)=P(X; 2 Y, X, <Y).
(b) (3pts) Find E(T).
(¢) (4pts) Find E(T?) and Var(T).

Hint: conditional on Y for (a)-(c). For (b) and (c), further note that T|Y = y ~ Geo(p(y)).
Figure out the form of p(y) in terms of y.
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