Chapter 1 – Introduction

Finance: study of investments

What constitutes an investment? – process of forgoing present consumption in exchange for future consumption

Concepts covered in class: 
1. Financial assets (e.g. stocks, bonds)
2. Real assets (e.g. business investments, PPE)

4 principal questions of Financial Analysis:
	
	Retrospective
	Prospective

	1
	What expenditures were involved?
	What expenditures are involved?

	2
	What are the realised returns?
	What is my expected return? (forward)

	3
	What risks have I taken?
	What risks am I taken?

	4
	Was this a “good” investment?
	Is this a “good” investment?



Two defining characteristics of a real asset:
· A real asset is not created by legal contract
· A real asset must be operated to produce a return (operating investment)
· Examples: PPE, undeveloped land (somebody will be operating it), patented idea

A financial asset is a non-physical asset whose value is derived from a contractual claim, such as bank deposits, bonds, and stocks. 
· Financial assets are usually more liquid than other tangible assets, such as commodities or real estate, and may be traded on financial markets.
· It is a legal contract between specific individuals wherein one makes a promised future payment to the other, typically in exchange for immediate cash
· Payments are often contingent. Generally, no operations are required to receive the payments.

Example: MortgagesPayments 
 Interest + Principal



Borrower
(Seller)
Lender
(Buyer)


Amount Borrowed



Contingencies:
· Credit risk
· Interest rate risk
Example: Common SharesPayments 
Dividends


Common Shareholders
(Buyer)

Corporation
(Seller)


Original 
Purchase Price




Contingencies:
· Direct: declaration of dividends by board of directors
· Indirect: earnings

---- 
Principal Owners of Real & Financial Assets
1. Real: Corporations, Government
2. Natural individual

Presumptions of a Financial Asset
· We presume that the primary objective of managers in operating a business is to maximize shareholders’ wealth.
· Wealth is the sellable value of an asset in an actual or hypothetical sale
· Shareholders have more corporate power because they have voting rights
· We presume a theory of wealth (value)
· Our theory of value is the Net Present Value (NPV) or Discounted Cash Flow Analysis

Components of any NPV Problem
· TimingReal Asset

>


· Amounts of predicted future cash flowsFinancial Asset


· Discount Factor/Opportunity Cost Rate of Return

From financial assets perspective, shareholders receive opportunity cost on rate of return.

An example of Net Present Value (Numbers associated with financial analysis)
· Invest $300k today (1) to generate (forecast) $70k per annum indefinitely starting in one year. The opportunity cost rate of return per annum is 7% (2). 
· Two principal determinants of any expected rate of return from financial markets:
· Interest rates in the economy
· Risk (3)
· NPV = (70k/.07)-300k = $700k
· Based on financial analysis, this is a good business investment as we are creating wealth for shareholders (4).

Another example of Net Present Value (Numbers associated with financial analysis)
· What is the rate of return (2) on this business investment? – The internal rate of return (IRR): calculated as that hypothetical opportunity cost RoR that makes NPV = 0

NPV = PV – I
0 = PV – I 
0 = C/IRR – I
IRR = C/I
23.33% = 70,000/300,000

· The primary determinant of a business return is profitability (revenue, expenses, taxes, etc.)
· Since IRR = 23.3%, it Is less than opp cost RoR (7%); therefore this is a good business investment (4)

Market to book ratio is a measure of value to expenditure
· In our theory of value, market:book ratio= (PV/I) after the expenditure
· PV = C/I = 70,000/0.07 = 1,000,000
· In this example, market:book ratio is 1,000,000
· 1,000,000/300,000 is 3.333
· Because market:book is 3.333>1, this is a good business investment (4)

The opportunity cost RoR for business investment is called the cost of capital
· Even for a public company, the cost of capital is not directly observable
· However, if we presume a little financial theory (PV), we can calculate a firm’s cost of capital

Important terms:
C = cash flow per annum, indefinitely
R = cost of capital
I = expenditure
(Market:book ratio is observable from financial market)


Market:book = PV/I

(C/R)/I = (C/I)/R = IRR/RIRR is forecastable, market:book is observed



R = IRR/[market:book)

R = .23333/3.333333

R = 7%


Two primary differences between Ch. 1 examples + real public corporations in Ch. 2
1. Actual corporation growth
2. Actual firms have both debt and equity in their financial structure

Chapter 2 – Financial Statements in Financial Analysis

Limitations of financial statements for financial analysis
1. Quantitative rather than qualitative
2. Regulations have to be followed
3. Dated
4. Account for Inflation
5. Historical but helpful for forecasting purposes
6. Theory of business is not sufficiently strong to give us absolute standards for most ratios
a. Most ratios have relative benchmarks: comparing with other industries & trend analysis
b. Exception is for finance of business returns. The absolute standard is opp. Cost RoR

The EBITDA Margin (aka Earnings Before Interest, Taxes, Depreciation and Amortization) is a measure of operating efficiencies and operating risk.
· EBITDA is a component of business return

EBITDA = Sales – CoGS – General & Administrative Expenses

EBITDA margin = EBITDA/sales

2017 Margin for Rogers: 14.1b – 8.8b = 5.3b
5.3b/14.1b = 37.5% EBITDA Margin

Invested Capital (IC) is our measure of expenditure
· In the financial calculation (ICFIN), IC is the sum total invested (expenditure) by financial asset holders (“debt + equity”)

“Debt” = notes payable + debt due in one year + LT debt + other LT liabilities

In Canada, depreciation for tax purposes is called Capital Cost Allowance (CCA)
· Generally, CCA > depreciation

“Equity” = Declared Income Tax + Share Capital (aka Common Stock) + Retained Earnings 


Invested Capital Balance Sheet (Rogers 2017)
       TC = -922 | debt = 17664
NFA + Other = 25772 | equity = 7186
 ICBOP = 24,850 | ICFIN = 24,850
IC in the operating calculation is the sum of total business investment
· (ICOP) = ST + LT Business Investment
· We call ST business investment as Trade Capital
· ST Business Investment = CA (aka Current Assets) – CL (aka Current Liabilities) [excluding notes payable + debt due in one year)
· ST Business Investment = CA – AO – TP – other 
· STBI = 2570 – 2783 – 186 – 523 
· STBI = -922 

· LT Business Investment = NFA (aka Net Fixed Asset) + other long-term investments
· LTBI = 10749 + 958 + 1216 + 11035 + 1814
· LBTI = 25772

Business Returns:
The primary determinant of any business return is corporate profitability
· Business return for all financial asset holders we call: the rate of return on invested capital, after tax and after depreciation
· ROICBOP = [(1-t)(EBITDA + other income – depreciation)]/ICBOP (aka Invested Capital – Beginning of Period)
· t = corporate tax rate

Example:
EBITDA + other income - depreciation
5306 (EBITDA) + 25(Non-Operating Income/Expense) – 83 (Special Items) – 2142 (Depreciation) = 3106

t = effective tax rate
   = tax expense/EBT (pre-tax income)
   = 635/2346
   = 27.1%

ROICBOP = [(1-.271)(5248-2142)]/24850 
	 =  9.1%

--
Business Return for Common Shareholders = ROE
ROE = NI/”Equity”BOP
        = NI17/Equity16
        = 1711/7186
        = 23.8%




Why is ROE > ROIC?
· These two business returns are relative benchmarks for one another.
· If one is high, they are both high = ROE > ROIC
· If one is low, they are both low = ROE < ROIC
· If ROE > ROIC, then this is a relatively good year for corporate profitability

Free Cash Flow (FCF) is the net cash flow from business investment available (free) and paid out to financial asset holders

The operating calculation for FCF:
· FCF is the after-tax “benefit” of past business investment minus incremental business investment 
· The after-tax “benefit” of past business investment is called funds from operations (FFO)
· FFO (bottom-up) = NI (aka Net Income) + depreciation + other non-cash charges + INTEREST after corporate tax 
· 1711 + 2142 + 760 (1-.271)(Interest Expense) = 4407

Net of incremental Business Investment (ST + LT)
1. Increment to TC
2. Capital Expenditure (CAPX)
a. Other LT Business investments (included in CAPX calculation)

Increment to TC = TCEND - TCBEG
		   = TC2017 – TC2016
		   = -504 - -922
		   = 418

(NFA + other)END = (NFA+other)BEG + CAPX – depreciation
25891 		    = 25772 + CAPX – 2142
CAPX		    = 2261

FCFOP = FFO –    TC – CAPX
           = 4407 – 418 – 2261
           = 1728 > 0
Therefore it is a FCF surplus
· If FCF < 0, then a FCF deficit
· A surplus or deficit is not necessarily good or bad

FCF financial is all payments out from a Corporation to a financial asset holder.

Debt:
· After tax interest expense
· 760 (1-.271) = 554
· Repayment of principal: 830
· s Debt = Debt2017 - Debt2016
             = 16834 – 17,664
             = -830

Equity:
· Dividends: 988
· Share repurchases: -644

EQEND = EQBEG + NI – dividends – share repurchases
8,553 = 7,186 + 1,711 – 988 – share repurchase
Share repurchases = -644 

FCFFIN = INT (1-t) + repayment of debt + dividends + share repurchases
FCFFIN  = 1,728 > 0

The two primary economic determinants of FCFOP 
1. Profitability
2. Growth 

Eventually, we want to forecast FCFOP

FFO (top-down) = (1-t)(EBITDA – CCA) + CCA
Assumption: CCA = ~ depreciation
Therefore, FFO = (1-t)(EBITDA – depreciation) + depreciation

Recall: FCFOP = FFO –    TC – CAPX

CAPX is used for:
1. Maintenance of existing depreciable asset
2. Growth

CAPX = MCAPX + GCAPX
          = maintenance CAPX + growth CAPX

Where g = corporate growth (%)
    TC = g(TC)
GCAPX = g(NFA)

FCFOP = (1-t)(EBITDA – depreciation) – depreciation –  g(TC) – MCAPX – g(TC)

Assumption: depreciation = ~ MCAPX

FCFOP = (1-t)(EBITDA – depreciation) – depreciation –  g(TC) – g(NFA)
FCFOP = (1-t)(EBITDA – depreciation) – depreciation – g(IC)

FCFOP = (ROIC – g) * IC

Companies with negative FCF have the following characteristics
1. New ventures
2. Low profitability
3. High growth 

The relationship between ROIC and ROE
(direct method)   ROIC = (1 – t)rd (debt/IC) + ROE (equity/IC)  (indirect method)
Where rd is the interest rate on debt

We will forecast ROIC for Rogers Communication with the indirect calculation
1. Effective tax rate = 27.1%
2. Debt/IC = (16,834/25,387) = .663
Benchmark  = ~45%
3. Equity/IC – 1-(Debt/IC)  .337
4. rd.  = interest rate on “debt”
     = $INT/average debt
     = 760(16534 +17664)
     = 4.4%

Rogers Stock Information
Share price = 53.06
# shares = 514.81
EPSFOR = 3.25
gFOR = 0.0699

BUE/sh = BUE (total) / # of shares
= 8553/514.81
=$16.61

ROEFOR = 3.25/16.61
= 0.196

ROIC = (1-t)*[rd*(debt/IC)]+[ROE*(EQ/IC)]
= (1-.271) * [0.044 * 0.663] + [0.196 (.337)]
= 8.7%

Cash flows indefinitely, with growth
PV = C/(r-g)

C = FCFOP = [ROIC – g]*IC
PV/IC = (ROIC – g)/(r-g) = MVA/IC
r = g + [(ROIC-g)/(MVA/IC)]

Market value balance sheet
      MVA (market value asset) = MVE + BVD | MVD (market value debt) + ~BVD = “Debt”
                          	(enterprise value)                | MVE (market capitalization) = #shares * (share price)

Rogers Market value balance sheet
                          MVA = 49, 149.8                               | MVD = 16,834
	                                                                         | MVE = 53.06 + 514.81 = 27,315.8

MVA/IC = market to book ratio for assets

44,149.8/25387 = 1.74

r = 0.0699 + [(0.087 – 0.0699)/1.74]
   = 8%

TC + NFA = Debt + Equity
    TC +     NFA =     Debt +     EQ

--

Chapter 3: Risk

Types of RIsk
1. Operating Risk (Leverage)
2. Financial Leverage

Operating Leverage
Recall: EBITDA = Sales – COGS – G&A Expenses
Gross Margin/$ sales = (Sales – COGS)/Sales

EBITDA = (GM/$ Sales) * Sales – G&A Expenses
· This is the Financial Accounting calculation for EBITDA

EBITDA = Sales – VC – FC 
· This is the Managerial Accounting calculation for EBITDA

Contribution Margin (CM) = CM/$ Sales = (Sales – VC) / Sales

EBITDA = (CM/$ Sales) * Sales - FC

*We presume that CM/$ Sales is constant in the short-term.*
· CM/$ Sales is difficult – if not impossible to calculate
· But we can estimate CM/$ Sales with simple linear regression

Benchmark for CM/$ Sales = 20%

Our measure of business risk Is called the degree of operating leverage (DOL)
· DOL is defined as: %     EBITDA / %     Sales
· DOL is the ratio of two margins: CM/$ is constant and EBITDA Margin is never constant
· DOL is > 1 because CM/$ is before FC and EBITDA margin is after FC
· Further, EBITDA margin depends on sales

With the managerial calculation for EBITDA, DOL = [(CM/ $ Sales) *  Sales] / EBITDA
Or (CM/$ sales) / EBITDA Margin

Suppose:
CM/$ Sales = .20
FC = $100k/period
EBITDA Margin = 15%

What $ sales makes EBITDA margin = 15%?
.15 = (.20 – 100k) / S 

Suppose other things equal, EBITDA Margin = 18%

What $sales makes EBITRDA margin = 18%?

When sales are very large, then:
EBITDA margin = [(CM/$ sales) * sales – FC] / sales
= (CM/$ Sales) – [FC/sales]

When sales are large, then:
EBITDA margin = [CM/$]


Example:
Unit product price = $2.50
Unit variable cost = $2.00
FC/month = $40,000
Expected unit sales/month = 250,000 units

$ sales/month = 2.5(250,000)
=$625,000
VC= 2.0(250,000)
= $500,000
CM/$ sales = (625,000 – 500,000) / 625,000
=20%

OR 

CM/$ sales = (2.5 – 2.0) / 2.5
=20%

Because prices are “sticky”, CM/$ sales don’t change (constant) especially in the short-term

EBITDA = (0.20)(625,000) – 40,000 = $85,000
EBITDA margin = 85,000 / 625,000 = 13.6%

DOL = .20/.136
=1.47

Benchmark = ~1.6

Breakeven sales:
Units: FC/(CM – unit) = $40,000; 80,000 units

$Sales: FC/(CM/Sales) = $200,000

Financial leverage is relative corporate debt use as measured by, for example, Debt:Invested Capital Ratio

Example:
IC: 3m, Debt: 1m, EQ: 2m
t = 40%, depreciation = 0, rD=10%

ROIC before tax (no depreciation
	Bad
	Average
	Good

	8%
	12%
	16%



ROIC = EBITDA/IC

Variability in business returns is determined by business risk (DOL)





	After-Tax ROIC
	ROE
	

	0.6(8) = 4.8%
	(0.6 * [.08(3) - .10(1)])/2 = 4.2%
	In a bad year, shareholders do worse than the firm as a whole

	0.6(12) = 7.2%
	(0.6 * [.12(3) - .10(1)])/2 = 7.8%
	On average, shareholders are compensated for bearing financial leverage

	.6(16) = 9.6%
	(0.6 * [.16(3) - .10(1)])/2 = 11.4%
	In a good year, shareholders do better than the firm as a whole


ROE Variability

Another Example:

XYZ Company:
IC = 3, Debt = 2, EQ = 1

	After-Tax ROIC
	ROE
	

	0.6(8) = 4.8%
<same independent and financial structure>
	(0.6 * [.08(3) - .10(1)])/1 = 2.4%
	In a bad year, shareholders do worse than the firm as a whole

	0.6(12) = 7.2%
	(0.6 * [.12(3) - .10(2)])/1 = 9.6%
	On average, shareholders are compensated for bearing financial leverage

	.6(16) = 9.6%
	(0.6 * [.16(3) - .10(2)])/1 = 16.8%
	In a good year, shareholders do better than the firm as a whole





When corporations use debt in their financial structure, they highlight risk onto shareholders. Debt use does not create risk in the first instance (DOL).
When corporations use debt, they highlight risk onto shareholders, but this is not necessarily bad because shareholders are compensated with higher average ROEs

--
Chapter 5: Corporate Tax

Done in 3 steps:
Step 1: Taxable Income (TI)
Step 2: Corporate Tax Rates 
Step 3: Tax Liability (what you owe in income tax)

Step 1: Taxable Income
TI = Net Sales – COGS – G&A Expenses (excluding depreciation) + other income (tax) + taxable portion of net realised capital gains (if positive) – CCA – Interest Expense – Application of losses from past or future years

Notes:
1. There are similarities and differences between NI and TI. The principal commonality is EBITDA
2. CCA is depreciation for tax purposes mandated by the government, which tells you how to do the calculation
3. Tax proportion of net realised capital gains (if positive) – inclusion rate is 50%
4. There are no capital losses on depreciable assets (subject to depreciation) because you get CCA. 
a. There can be capital gains on depreciable assets
b. There are capital gains and losses on non-depreciable assets (i.e. land, financial assets)
5. Net capital losses in year cannot be used in that year but can be “carried back” up to 3 years or “carried forward” indefinitely (any future year) to reduce capital gains
6. Business profit (loss) = EBITDA – CCA – Interest
a. If negative, then it is a business loss
b. Business losses reduce business profit in any of the last 3 tax years or up to 20 years in the future
7. Dividends from a Canadian corporation are not taxed in the hands of a receiving Canadian corporation
a. Only for corporations
b. Taxed only when paid out to parent’s shareholders
8. Dividends paid are not tax deductible

Example (3):
Purchase price = 50,000
Sale price = 100,000
1% commission for sale & purchase

What is the taxable capital gain? 
.5(100,000 – 50,000 – 1,000 – 500) = $24,500
1% of sale is 1,000, 1% of purchase is 500

Example (5):
2018 EBITDA = 2,000,000
2018 Net Capital Loss = 1,000,000

During the last 3 years (capital gain):
2017: 300,000 (.5)(.4)= 60,000
2016: 200,000 (.5)(.4) = 40,000
2015: 150,000 (.5)(.4) = 30,000

Tax refund of $130,000

Unused capital losses in 2018
1,000,000 – 300,000 – 200,000 – 150,000 = 350,000

To reduce capital gains in any future tax year (if you can’t use, you can save)

Step 2: Corporate Tax Rates

CCPC: Canadian Controlled Private Corporation

Active Business Income is not Investment Income
· Investment Income comes from:
· Dividends from foreign corporations
· Interest received
· Rental income (often) (passive)

Active Business Income requires operations = EBITDA – CCA – Interest

	Net Income (NI)
	Taxable Income (TI)

	EBITDA
	149,000
	EBITDA
	149,000

	Depreciation
	(10,000)
	CCA
	(15,000)

	INTEREST
	(4,000)
	Interest
	(4,000)

	Accounting gain
	8,500
	Tax Capital
	5,000

	Dividends Received
	10,000
	
	

	Projected Taxable
	(30,834)
	
	

	
	
	
	

	Net Income
	122,666
	Taxable Income
	135,000



Active Business Income = EBITDA – CCA – INT
    			   = 149,000 – 15,000 – 4,000
			   = 130,000

Tax Liability = .12(130,000) + .40(5,000) = 15,600 + 2,000 = 17,600

Change in cash 2018
EBITDA = 149,000
INT = (4,000)
Asset Sale = 30,000
Asset Purchase = 0
Dividends Received = 10,000
Dividends Paid = (7,500)
Tax Liability = (17,600)
= Change in cash = 159,900

--
Chapter 6: Math of Finance

Future Value (FV): An amount in the future as the result of a planned set of deposits with interest overtime. Account balance is measured at a specific time in the future

Present Value (PV): 
1. Amount deposited (once) “today” to “fund” a planned set of future withdrawals. Account balance increases with interest but decreases with withdrawals. Account balance goes to zero at last withdrawal.
2. PV is the “value” of a real or financial asset

We always use the effective interest rate over the:
a. Deposit interval
b. Withdrawal interval
c. Payment interval (financial asset)

The effective rate is the rate of growth of your wealth over a period of time.

If you see deposit = FV; if you see withdrawal = PV

Annuity
A finite set of n deposits(FV), withdrawals (PV), or payments over a regular interval

Calculation in the Math of Finance
1. FV of $I (once) after I period if the effective rate of 1 period = r
FV after 1 period
FV = I(1+r)

Example: I = $100, r = 10%
FV = 100 x 1.1 = $110

2. PV of $C received after 1 period if the effective rate/ 1 period = r
PV = C/(1+r)

Example: r=10%/period; C = $100 in one period
PV = 100/1.1 = $90.91

3. FV of $I (once) after n periods if the effective rate per one period Is r
FV = I(1+r)(1+r)….(1+r) until n
FV = I(1+r)n



Example: r=10%/period; I = $100; n = 10.1
FV = 100 * 1.110.1 = $261.86
2 = (1.1)n
Log1.12= n
N = 7.27

4. PV of $C (once) in n periods and the effective rate/period is “r”
PV = C/(1+r)n

Example: C = $100 (once); n = 10.1; r = 10%/period
PV = 100/1.110.1 = $38.19

5. FV of an annuity deposits = $C each
n = # of deposits; r = effective rate/deposit interval
Measure account k > 0 after last deposit

FV of an annuity
FV =[C/r((1+r)n – 1)](1+r)

Example: C = $100; r = 10%/period; n = 30; k = 0
Measure account at last deposit EOP

FV = [(100/.10)(1.130 – 1)
     = 16,449.40

Cases where it is relatively simple to calculate an IRR (using a formula)
A. IRR for a one period investment
Recall: NPV = PV – I 
	  0    = [C/(1+IRR)] – I 
	IRR  = (C/I) – 1

Special Example:
I = $90.91; C = 100
IRR/period
(100/90.91) – 1 = 10%

B. The IRR/period for an investment that pays once in n periods
NPV = PV – I
      0 = [C/(1+IRR)n] – I 
   C/I = (1+IRR)n
  IRR  = (C/I)1/n – 1 

Special Example:
I = 38.1; n = 10.1; C = 100

(100/38.19)1/10.1 – 1 = 10%
=.1

Example 2:
C = 100
n = 30
r = 10%/period
k = 1
BOP

Measure account 1 period after the deposit

FV = (100/.10)(1.130 – 1)(1.1)
      = 16,449.40(1.1)
      = 18,094.34

6. PV of an annuity (“value” of an annuity or an amount deposited once to “fund” a set of withdrawals)

$C = per period
n = # of payment withdrawals
r = effective rate per period

1st payment/withdrawal in k>0 periods from “today”, then one per period thereafter

PV = (c/r)(1 – [1/(1+r)n)
                  (1+r)k-1

Example 1: Ordinary annuity – 1st payment is one period
C = 100
n = 30
r = 10%/period
k = 1
PV = (100/.1)[1 – (1/1.130)]
      = 942.69

If using financial calculator, PMT = 100, I/Y = 10, N = 30 – EOP; CPT PV



Example 2: Annuity due – 1st payment is immediate
C = payment/period
k = 0
n = # of payments per withdrawal
r = effective rate per period

C = 100
n = 30
r = 0.1
k = 0

PV = (100/.10)(1 – [1/1.130])/(1.1-1)
      = 1,036.96

If using the financial calculator, PMT = 100, I/Y = 10, n = 30; BOP – CPT PV 

Why is it worth more than the 1st one?: Each payment on an annuity due is one period earlier

Example 3: Deferred Relative to Ordinary – 1st payment/withdrawal is in k>1 periods, then 1 per period thereafter

Suppose: k = 4, C = 100, n = 30, r = 10%

PV = (100/.10)(1 – [1/1.130]/(1.14-1)
      = 942.60/1.13
      = $708.26

Example 4: Accelerated Relative to Ordinary 1st payment, withdrawal in less than one period 0<k<1, then per period thereafter

C = 100
n = 30
r = 10%
k = 1/3

1st payment in 1/3rd of n period, then one per period thereafter

PV = (100/.10)(1 – [1/1.130])/1.11/3 – 1
      = 1,004.53

When calculating with financial calculator on tests, write down keystrokes as proof



7. Effective and Nominal Rates
An effective rate is the rate of growth of your wealth as the result of an investment. We always use effective rates in PV and FV calculations

A nominal rate is used for financial contracts
· Always per annum
· Plus one more piece of information
· # of compound periods in a year OR
· Length of compound period

A compound period is a banking calculation. It is the period over which interest is (hypothetically) calculated and added/subtracted from account balance (EOP)

If the word “compound” is used, it is nominal. If not, it is effective.

a. Effective to effective powers: short to long time period
                                   Power > 1

If r is the effective rate for a sub period from the effective rate for a holding period composed of n sub periods (1 + r)n - 1

r = 2%/sub period
What is the effective rate for 10 sub periods?

1.0210 – 1
= 21.9%

b. Effective to effective powers: long to short time period
                                   Power < 1

If r is the effective rate for a holding period (long) composed of n sub periods (short), what is the effective rate per sub period?
(1 + r)1/n – 1

r = 50%
n = 10
rate/sub period
1.51/10 – 1
= 4.14/sub period

c. If i is the per annum rate compounded m times per year, then i/m = r, where r is the effective rate for one compound period
· (This is almost the only way to convert from nominal to effective)

Suppose:
I = 12%/annum compounded monthly
m = 12

effective rate per month = .12/12 = 1%

or i = r*m where r is the effective rate for 1 compound period

d. If i is the per annum rate compounded m times per year, then the effective rate for n compound periods is: (1 + i/m)n – 1
i = 12%, m = 4

What is the effective rate for 5 quarters?
(1 + .12/4)5 – 1  = 15.9%

e. If i is the per annum rate compounded m times per year, then the effective annual rate (EAR)

EAR = (1 + i/m)m – 1
i = 12% per annum
m = 4
EAR = (1 + .12/4)4 – 1 = 12.55% per annum, which is > 12%

f. (variation of d – backwards)The per annum rate compounded m times per year from the EAR

[(1+ EAR)1/m – 1]m
“r”= effective rate for 1 compound period
Suppose EAR = .1255, what is the per annum rate compounded quarterly?
[(1 + 0.1255)1/4 – 1]4
= 12%

g. The EAR from the per annum rate compounded continuously (m to infinity)

EAR = ei - 1
Where i = per annum rate compounded continuously

Example: The per annum rate compounded continuously is 6%. What is the EAR?
EAR = e.06 – 1
EAR = 0.0618365

Continuous compounding gives you maximum possible interest on interest

Example 2: If the continuously (m to infinity) compounded per annum rate is 6%, what is the effective rate for a half year?
EAR = e.06(1/2) – 1 
EAR = .03045

NOTE: Use at least 5 decimal places on calculations for midterm!

Example 3: If the per annum rate continuously compound is 6%, then what is the effective rate for a quarter?
EAR = e.06(1/4) – 1
EAR = .01511

Rule of Thumb: If the per annum rate compounded continuously is given at beginning of question, then find the EAR using (ei – 1) and finish the question as if EAR was given.

h. Per annum rate continuously compounded (m to infinity) from the EAR
i = ln(1 + EAR)

	Example:
	Suppose EAR = 6.18365%, what is the per annum rate continuously compounded?
	i = ln(1 + .06184)
	i = .06 

	Rule of thumb: If per annum rate continuously compounded is asked on a test, then 
	solve the question as if EAR is asked for. Then, at the end of the question, use 		i = ln(1 + EAR)

8. The IRR when there is no formula (on quiz 2/final exam!)
IRR is the return on an investment calculated as that hypothetical opportunity cost rate of return that makes NPV = 0

Example: In a case where $100 is invested today, $50 is given in 1st, $60 in 2nd, $70 in 3rd, $80 in 4th, what is the IRR/period?
· In the first instance, IRR is an effective rate
· NPV = PV – I 

NPV = 50/(1+IRR) + 60/(1+IRR)2 + 70/(1+IRR)3 + 80/(1+IRR)4 – 100 

Keystrokes:
CF – 2nd – CLRWORK – 100 - +|- – Enter –     – 50 – Enter –              – 60 – Enter – 
– 70 – Enter –             – 80 – Enter – IRR – CPT 

IRR = 47.627%

Example 2 (taken from course outline): 
Step 1: IRR/month (effective rate)
Visualize: Today, invest 100, Month 1 = $100, Month 2-28 = $0, Month 29 = $100
There are 27 0’s (Months 2 to 28)

NPV = PV – I 
         = [100/(1+IRR/month) + 100/(1+IRR/month)27 ]– 100 

Keystrokes:
CF – 2nd – CLRWORK – 100 - +|- – Enter –     – 100 – Enter –            – 0 – Enter –       – 27 – Enter –       – 100 – Enter – IRR – CPT 

IRR/month = 8.98635%

Fo means frequency (how many times it occurs)

Step 2: IRR per annum compounded quarterly?
i = r*m
IRR/quarter = (1 + 0.089863)3 – 1
= .294542

Step 3:
IRR per annum compounded quarterly = 0.294542 * 4
=1.178168
=117.8168%

9. PV of a perpetuity (an infinite set of per period payments over a regular interval

Where:
$C = 1st payment one payment per period, indefinitely (means it is perpetuity)
	  1st payment in k>0 periods

r = effective rate/period

PV = (C/r)/[(1+r)k-1]

If k=1, it is an ordinary perpetuity
If k=0, it is a perpetuity due
If k>1, it is a deferred relative to ordinary
If 0<k<1, it is accelerated relative to ordinary




Example: ordinary perpetuity (k = 1)
C = $100/period, indefinitely
r = 10%/period
PV = (C/r) = 100/.10 = $1,000

      Example 2: perpetuity due
      k = 0, 1st payment immediate
      C = $100 per period
      r = 10% per period
      k = 0

      PV = (C/r)/(1+r)k=1
      PV = (100/.10)(1.1) = $1,100

Case where IRR is easy to calculate:
10. IRR for an ordinary perpetuity
k = 1, 1st payment in the period, then 1 period thereafter, indefinitely
I = expenditure

NPV = PV – I 
         = (C/IRR) – I
IRR.  = C/I

Example 1:
k = 1, C = 100/period indefinitely
I = expenditure = 1000
IRR = C/I = 100/1000
       = 10%

Example 2:
Suppose:
C = NI/share
I = BVE/share
IRR = C/I = NI/BVE
NI/BE = ROE
	Therefore, ROE is a special IRR

	Example 3:
	Suppose C = (1-t)(EBITDA – deprec)
	I = IC
	IRR = C/I
	       = (1-t)(EBITDA-deprec)/IC
	       = ROIC
	Therefore, ROIC is an IRR
11. PV of a growing perpetuity
C = 1st payment or cash flow, where each subsequent payment is 1 + g greater than previous, indefinitely 
r = effective rate/period, where 1st payment in k>0 periods

PV = [C/(r-g)]/[(1-r)k-1]

If k=1, it is an ordinary growing perpetuity
If k=0, it is a growing perpetuity due
If k>1, it is a growing perpetuity with 1st payment deferred relative to ordinati
If 0<k<1, it is accelerated relative to ordinary

Example 1: Ordinary perpetuity where k = 1
C = $100
g = 1% per period
r = 10% per period
k = 1

Using PV = C/r-g = 100/.10-.01
PV = 1,111.11

Example 2: Growing perpetuity due where k = 0
PV = [100/(.10 - .01)] * 1.1
PV = 1,222.22

Sample question: Midterm RR # 6
PV = [(ROIC – g)*IC]/(r-g)

Sample question: Midterm QQ # 3

12. IRR for an ordinary growing perpetuity (k=1)
NPV = PV – I 
         = C/(IRR-g) – I = 0
IRR   = (C/I) + g

Example:
I = 1,111.11
C = $100 in 1 period
g = 1%/period, indefinitely

IRR = C/I + g
	= (100/1111.11) .01
       = .09 + .01 = 10%

13. IRR for a growing perpetuity due (k=0)
NPV = PV – I 
         = [C/(IRR-g)][1+IRR)] – I = 0

IRR = (C + g * I)/(I – C)
Example:
I = 1,222.22
C = 100
k = 0
g = 1%/period indefinitely

IRR = (100 + .01(1222.22))/(1222.22 – 100)
       = 10%



























Quoted Price, Invoice Price, Accrued Interest

A bond pays coupons Dec 31 and June 30 of every year. Today is Mar 31, 1996. The fixed coupon rate on the bond is 11.25%/annum compounded and paid semi-annually. The yield to maturity on the bond is 12% per annum compounded semi-annually. Par-value is $10,000. The bond matures June 30, 2010.

a. What is the accrued interest


IP = (PV)
     = (562.5/.06)(1-[1/1.06^29] + 10000/1.96^39)*(1.05^.5)
     = $9,770.91

QP = IP – AI
      = 9,770.91 – 281.25
      = $9,489.66

Q{/100 = $94.90 < 100; therefore this is a discount bond 

3 rates in the bonds market (discount bond)


Yield = 12%/annum compounded semi-annually

Current yield = (income component of expected ROR)
                        = (coupon/annum)/QP
	          = 1,125/9,489.66
	          = 11.86%
Coupon rate = 11.25%/annum compounded semi-annually

Note: yield is the expected rate of return when you buy a bond. It is also the realised ROR for any holding period lesser than or equal to maturity if these 4 conditions are satisfied:
· Credit worthiness of borrower does not change over the holding period
· Interest rates in the economy don’t change
· Yield for long-term bonds are equal to yields for short-term bonds (that term structure of yields)
· Reinvestment rate for coupons is the yield when bond is bought

Revised points for purpose of final exam:
· Yield when bond is bought is equal to yield when bond is sold
· Reinvestment rate for coupons is the yield when bond is bought

Example: Premium bond that matures June 30 of 2010.

Suppose:
a.) You hold the bond to maturity
b.) You reinvest coupons at 10%/annum compounded semi-annually

Find the HPPR annualized and compounded semi-annually
PP = IP = $11,216.64
SP = 10,000 
FVRP = (562.50/.05) * (1.05^29 – 1)
          = (35,056.53)
HPRR = (SP + FVRP – PP) / PP
           = 10,000 + 35,056.53 – 11,216.64 / 11,216.64
           = 301.6936%

i = r * m
HP = 29 - .5
       = 28.5 half years

Realised return
[(1 + 3.016936)^(1/28.5 – 1)] * 2
=.10
=expected ROR or yield when bond was bought

Heads up for final EXAM!!!

A Par-Value Bond

If the coupon rate is equal to the yield, (generally, per annum compounded semi-annually), then this is neither a premium nor a discount bond Instead, it is a par-value bond. 

For a Par-Value bond,

IP = Par Value/(1 + (y/2))k-1
Regardless of maturity

Same example as above, but yield = 11.25%/annum compounded semi-annually

IP = 10,000/(1 + (.1125/2))1/2 – 1
     = 10,277.40

QP = IP – AI
      = 10,277.40 – 281.25 
      = 9,996. 15 which is ~10,000 -> a par-value bond
Bond Risk
a. Price Risk
Most relevant for short-term investors who purchase longer-term bonds

Table of Example Results
	Yield
	Invoice Price (IP)

	10%
	11,216.64

	11.25%
	10,277.40

	12%
	9,770.91



b. Inflation
If inflation expectations increase unexpectedly after a bond purchase, then yields increase and bond values (IP) fall

c. Credit worthiness
Identified by possibly looking at the bond rating

d. Coupon Reinvestment Risk
Most relevant for long-term investors. The rate at which you reinvest coupons is uncertain when you buy a bond.


Chapter 8: Equities
· The distinction between debt and equity are the payments on debt are guaranteed. Payments on equity are based on the best business judgement of boards of directors.
· The application of our theory of value to equities is called the discounted dividend model (DDM)
· General Version
· Di > 0 and i = 1,2,3; if d1 = 0, then the equity does not currently pay dividends

Special Case 1:
a. No-growth
a. Preferred shares
b. Non-growing company


If you buy an equity on the ex-dividend date, you do not get the dividend previously declared. If you buy a day earlier and hold until the ex-date, you get the dividend previously declared

Special Case 2:
b. Constant growth indefinitely
Used in mature, profitable, and longer companies, as well as ones that have currently payable dividends, and public firms

Constant growth DDM for common shares

PEX = D/(r-g), where r > g

The opportunity cost rate of return for most common shares is called market capitalization rate

Example: 
suppose D = $1.20/share in one year. Today is an ex-date. The g factor is 8%/yr, and market capitalization rate (MCR) = r = 12%/yr. 

PEX = 1.2/(.12-.08) 
        = $30

Relations in the constant growth version of the discounted dividend model
1. PEX = D/(r-g)
2. dy = r-g = (D/PEX) -> forward dividend yield TAKE r-g as it is the dividend yield amount
3. r = MCR = dy + g
4. Divs = (1-b)* E
5. g = b * ROE
6. Recall Ch.2: ROE = Earnings/BE
7. (PEX/E) = (1-b)/(r-g) or payout ratio/forward dividend yield
8. (PEX/BVE) = [(1-b)/(r-g)] * ROE or (PEX/E) = ROE
9. r = g + (ROE – g)/(PEX/BVE)
10. g = ROE – (PEX/BVE)dy
11. r = ROE + (1 - PEX/BVE)dy

· The rate of growth of ex-dividend share prices is g.
· In the constant growth DDM, we expect almost all corporation characteristics (including ex-dividend share price to grow at g)
· There’s one important exception:
· dy + g > g or MCR > g

Final Exam Question: Why are there no quoted pr…
Cannot calculate accrued dividends – therefore no quoted price calculation

Example:
Let E be forecast earnings per share in one dividend payment period
Let b be the corporate retention ratio

E – Divs = retention per share
(E – Divs)/E = b or retention ratio

(E – Divs)/E = b
(1 – Divs)/E = b
1 – B = Divs/E = payout ratio
(1 – b)E = Divs

Suppose b = 40% and E = $2, therefore 1 – b = .60
Divs = .6(2) = $1.20

· Growth depends upon:
· Retention
· Profitability (ROE)
· Therefore, g = b * ROE
· Referring back to the question, ROE = 20% (forecast ROE)
· Also, as ROE = Earnings/BE, E = $2/share, so BVE = $10

Two Value Ratios: Ratio that uses share price
a) The price to forward earnings ratio: the price that investors are willing to pay per $1 of forward earnings
· Typically between 10 and 20
· Substitute (4) into (1) and divide both sides by E
i. (PEX/E) = (1-b)/(r-g)
· Using this example has PEX/E = 15
b) Price to Book ratio (aka market:book): value to expenditure
· Substitute (6) into (4), then substitute into (1), and divide both sides by BE
i. PEX/BVE = [(1-b)/(r-g)] * ROE
ii. Aka PEX/BVE*ROE
· Using this example has PEX/BVE = 3

· With market observables, we can calculate expected return and growth
· Collect from market into 3 ratios:
i. Forward dividend yield; y = .04
ii. PEX/E = 15
iii. PEX/BVE = 3

E/BVE = ROE
3/15 = 20%

Use of 9: .08 + (.20 - .08)/3 = .12
Use of 10: g = .20 – 3(.04)  = .08
Use of 11: .20 + (1 – 3)*.04 = .12

Equity Financing
Selling new shares to finance business investment

Public Firms
i. General customer offer (80%)
ii. Rights offer (20%)

Private Firms

Example Firm:
	Market Value Balance Sheet

	Existing operations already financed: 
PV = 10
	Market Capitalization:
MVE = 15

	New venture to be financed: 
NPV = 5
	

	MVA = 15
	MVE = 15



Number of outstanding shares: 2 million
Share Price = POLD = MVE/#shares = 15/2 = $7.50
I = 1
NPV = 5 
NPV = PV – I
PV = 6

General cash offer is a sale of new shares to any investor within the regulatory boundary

Are the original (old) shareholders harmed by dilution? NO. This is because the original shareholders get a smaller fraction of a larger pie and the pie is made larger by new shareholders. The “area” of the pie for original shareholders is undiminished.

Price of a new share/PNEW (primary market price) 
PNEW cannot be less than??? POLD
We as a firm do not want to sell a new share for less than $7.5 (POLD)
So, PNEW = POLD = 7.5
This protects original shareholders

Financing identity:
# new shares * # PNEW = financing
PNEW = 7.5
# new shares = $1,000,000/7.5
                         = $133,333.33
Fraction ownership of old shareholders falls from 100% to 
# old shares/(# old shares + # new shares)
=2,000,000/(2,000,000 + 133,333.33) = 93.75%

Market value balance sheet after equity financing
	Market Value Balance Sheet

	Existing operations already financed: 
PV = 10
	Market Capitalization:
MVE = 16

	New venture financed: 
PV = 6
	

	MVA = 16
	MVE = 16



The wealth of any original shareholder is undiminished as a result of the general cash offer.

Consider: an original shareholder who owns one share. 
His original wealth = POLD = 7.5
His wealth after = PNEW + POLD
                                            = MVE (after)/# shares (after)
                              = 16/2.3333333
                              = 7.5

Composite of all original shareholders
(old) = 2,000,000 shares
Original wealth = MVE(before)
                            = 15
Wealth of old after = .9375 (16)
		         = 15 

In a rights offer, the existing shareholders have the “right” to maintain their fractional ownership by increasing dollar investment.

Alternatively, existing shareholders can sell their rights in which case their fractional ownership falls but their dollar investment also falls.

Example (with a rights offer):
Rights issue characteristics
· (always) the firm gives 1 right per outstanding share
· Example: 2,000,000 rights
· Let NR > 1 be the number of rights to buy a new share + cash (PNEW)
· Suppose NR = 4
If you do not subscribe (buy a new share), then fractional ownership will fall to          1 + (1 + NR)
· If you do not subscribe, then your fraction ownership falls to 1 / (1 + (1/NR))


Suppose you originally own 10%. IF you do not subscribe, then your fractional ownership falls to 10% * 1/(1 + ¼) or 8%

· Subscription price, primary market price (from the firm), exercise price, strike price
PNEW = $2
In the financing equation,
#old shares/NR * PNEW = financing
2,000,000/ 4 * 2 = $1,000,000

Only constraint is PNEW < POLD
PNEW=2 < POLD= 7.5

· You (old) have this right for approximately 3 weeks. If you sell rights, you sell them on the stock market.
PNEW (primary price) + POLD (secondary price) = (MVE after/# shares after)
=16/(2 + .5)
=6.4 

Notice that PNEW+OLD < POLD
6.4 < 7.5

However, the wealth of any shareholder (old) is undiminished as the result of the rights

If you (old) sell rights, what is the sale price of one right?
Eventually old shares, will be turned into ex rights (old and new) shares
Old = ex rights + rights

Buyer of right perspective: 
PNEW+OLD = PNEW + NR * (Price of a right)
6.4 = 2 + 4 * (Price of a right)
$1.10 = Price of a right

Consider the wealth of a specific shareholder who has originally $2 in cash and 4 shares
Original wealth = $2 + 4 * 7.50 = $32
Wealth after:
(if rights are used) = 0(cash) + 5(shares) * 6.4(old + new) = $32
(if rights are sold) = 2(cash) + 4(old) * 6.4(old + new) + 4(rights) * 1.1(right price) = $32

Therefore, wealth is undiminished

3 prices in a rights offer:
PNEW, POLD, POLD+NEW
POLD+NEW = NR * POLD + PNEW/(1 + NR)
Final6Q6 – Optimal Final Questions
Private Equity Financing: Your fractional ownership (after) selling new shares to shareholders is equal to:
your contributions to value (after)/your value (after)

Equity Invested = I/(NPV (from entrepreneur) + I (equity invested))
		  = I /PV 
		  = 1.5/7.5
	               = 2%

I/M:B = I/(PV/I)

Chapter 9/10: Business Investment Analysis
Chapter 10 is the entire business (that grows)
Chapter 9 is about individual or existing business investments (without growth)

Business Investment Analysis
1. Forecast future incremental FCF (operating)
2. Expenditure is incremental IC
3. The opportunity cost RoR is called the cost of capital

In general: (probable final question)
0	1	2	3
-IC	FCF1	FCF2	FCF3

NPV = -IC + FCF1/(1+r) + FCF2/(1+r)2 + FCF3/(1+r)3…

Two Special Cases:
1. Chapter 9 (no growth): Typical or existing business investments
0	1	2	3…
-IC	FCF	FCF	FCF

NPV = - IC + (FCF/r)

2. Chapter 10 (with forecast growth): entire business
0	1	2		3		…

-IC	FCF	FCF(1+g)	FCF(1+g)2	…

NPV = -IC + FCF/(r-g) where r>g

Recall: If depreciation = MCAPX, then FCF = (ROIC – g)IC


Assignment 11 is probable on final exam

[bookmark: _GoBack]

image2.png




image3.png




image4.png




image5.png




image6.png




image7.png




image8.png




image9.png




image10.png




image11.png




image12.png




image13.png




image14.png




image15.png




image16.png




image17.png




image18.png




image19.png




image20.png




image21.png




image22.png




image23.png




image24.png




image25.png




image26.png




image27.png




image28.png




image29.png




image30.png




image31.png




image32.png




image33.png




image34.png




image1.png




