CHAPTER 6
Discounted Cash Flow Valuation

We now start to look at ways to value multiple cash flows instead of the future and present value of lumps sums.

FUTURE VALUE WITH MULTIPLE CASH FLOWS
You deposit $100 today in an account paying 8%. In one year, you deposit another $100 – how much will you have in 2 years?

This problem is easy. At the end of the first year, you will have $108 plus the second $100 you deposit, so $208. If you leave this $208 on deposit for another year at 8%, at the end of the second year you’ll have:

$208 * 1.08 = $224.64

So we simply calculated the balance as of the beginning of each year and rolled that amount forward to the next year. We could do it quicker – the first $100 is on deposit for 2 years at 8%, so its future value is:

$100 * 1.08²
=
$100 * 1.1664
=
$116.64

The second $100 is on deposit for one year at 8% and its future value is therefore:

$100 * 1.08 = $108

The total future value, that we previously calculated, is equal to the sum of these two future values:

$116.64 + 108 = $224.64

Based on this example, there are 2 ways to calculate future values for multiple cash flows: (1) compound the accumulated balance forward one year at a time or (2) calculate the future value of each cash flow first and then add them up. You get the same answer.









	
Ex.:
You think you’ll be able to deposit $4000 at the end of each year for the next 3 years in a bank account paying 3% interest. You currently have $7000 in the account, how much will you have in 3 years? 4 years?

At the end of the 1st year you’ll have:
($7000 * 1.03) + 4000 = $11,210

At the end of the 2nd year you’ll have:
($11,210 * 1.03) + $4000 = $15,546.30

And at the end of the 3rd year, you’ll have:
($15,546.30 * 1.03) + $4000 = $20,012.69

If you leave this deposit in the bank for another year and don’t add anything to it at the end of the 4th year, you’ll have:
$20,012.69 * 1.03 = $20,613.07





PRESENT VALUE WITH MULTIPLE CASH FLOWS
You’ll often have to determine the present value of a series of future cash flows. There are again, two ways we can do this. We can either discount one period at a time, or we can just calculate the present value individually and add them up.

Suppose you need $1000 in one year and $2000 more in 2 years. If you can earn 9% on your money, how much do you have to put up today to cover these amounts in the future? 

What’s the present value of the 2 cash flows at 9%?

The present value of $2000 in 2 years at 9% is:

$2000/1.09² = $1683.36

The present value of $1000 in one year is:

$1000/1.09 = $917.43

Therefore, the total present value is:

$1683.36 + 917.43 = $2600.79

Another way to calculate present value for multiple cash flows is to discount back to the present one period at a time. Suppose we have an investment that was going to pay $1000 at the end of every year for the next 5 years. To find the present value, we could discount each $1000 back to the present separately and then add them up.
We can discount the last cash flow back one period and add it to the next-to-the-last cash flow:

($1000/1.06) + 1000 = $943.40 + $1000 = $1943.40

We could then discount this amount back one period and add it to the Year 3 cash flow:

($1943.40/1.06) + 1000 = $1833.40 + 1000 = $2833.40

This process can be repeated as necessary.

	
Ex.:
You’re offered an investment that will make three $5000 payments. The first payment will occur four years from today. The second will occur in five years and the third will follow in six years.

If you can earn 4%, what’s the most this investment is worth today? What’s the future value of the cash flows?

We’ll answer the question in reverse order to illustrate a point. The future value of the cash flows in 6 years is:

($5000 * 1.04²) + (5000 * 1.04) + 5000
=
$5408 + 5200 + 5000
=
$15,608

The present value must be:


If we check this one at a time, the PVs of the cash flows are:








Total Present Value = $12,335.23





A Note on Cash Flow Timing
When working with present and future value problems, cash flow timing is critically important. It’s implicitly assumed that the cash flows occur at the end of each period. Unless you’re explicitly told otherwise, you should always assume that this is what’s meant.


ANNUITIES & PERPETUITIES

We’ll frequently encounter situations where we’ll have multiple cash flows that are the same amount, like a loan repayment.

	
Annuity – Equal payments paid at the same interval




ANNUITY
These are regular payments on an investment for the same amount and are paid at the same interval.

Ex.: Savings account, mortgage payments, insurance payments

Ordinary Annuity: Equal payments made at the end of each period.
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Annuity Due: Equal payments made at the beginning of each period.

[image: ]

*Look for clues to see when the payment is made!


	
Ordinary Annuity – A series of constant or level cash flows that occur at the end of each period for some fixed number of periods.




PRESENT VALUE FOR ANNUITY CASH FLOWS

If we’re looking at an asset that promised to pay $500 at the end of each of the next 3 years, the cash flows from this asset are in the form of a 3-year, $500 annuity. If we wanted to earn 10% on our money, how much would we offer for this annuity?

We can discount each of these $500 payments back to the present at 10% to determine the total present value:

Present Value = 
=
($500/1.1) + ($500/1.21) + ($500/1.331)
=
$1243.43

This approach works fine, but we can encounter situations where the numbers of cash flows are quite large – like a mortgage. The present value of an annuity of C dollars per period for t periods when the rate of return or interest rate is r is given by:

	
Present Value of an Annuity






The term on the first line  is called the present value factor. If our interest rate is 10% and there are 3 years involved, the usual present value factor is thus:

Present Value Factor = 1/1.1³ = 1/1.331 = 0.75131

To calculate the annuity present value factor, we’d just plug this number in:

Annuity Present Value Factor = (1 – Present Value Factor)/r
= (1 – 0.75131) / 0.10
= 0.248685/0.10
= 2.48685

So the present value of our $500 annuity is then:

Annuity Present Value
=
$500 * 2.48685
=
$1243.43

Annuity Present Values – Financial Calculator
To find the present value on our financial calculator, we need to use the [PMT] key. To find the present value for the same problem as above, a 3 year annuity with $500 payments, at 10%, we type:
	3
	N

	10
	I/Y

	500
	PMT

	
	CPT

	
	FV

	Future Value:
	= -1243.43




	
Present Value of an Ordinary Annuity





Ex.:
I plan to save $1000 at the end of each year for 5 years in an account where I can earn 10% compound interest. How much money will I have at the end of the 5th year?

But my friend doesn’t want to save every year – he has extra money NOW. How much should he deposit NOW in the same account to have the same amount I would after 5 years?
 = 3790.78

	
Ex.: 
Assume you’re going to receive a 20 year annuity with annual payments of $50. The first payment will be received at the end of Year 1 and the last payment at the end of Year 20. You’ll invest each payment in an account that pays 10%.

What will be the value in your account at the end of Year 20?

 = 2863.75

What will be the value in your account at the end of Year 30?

FV30 = FV20 * (1 + k)^10
=
2863.75 * (1 + 0.10)^10 = 7427.83

How much should I invest NOW in a similar account to have the exact same amount in 20 years?
 = 425.68







FINDING THE PAYMENT
Let’s say you want to start a new business and to start, you need to borrow $100,000. You want to pay off this loan quickly by making five equal annual payments. If the interest rate is 18%, what will the payment be?

So we know that the PV is $100,000, that r is 18% and that there are 5 years. The payments are all equal so we need to use the annuity formula and find the relevant annuity factor and solve for the unknown cash flow:

Annuity Present Value = $100,000 = C * [(1 – Present Value Factor)/r]
$100,000 = C * {[1 – (1/1.18^5)/0.18}
$100,000 = C * [(1 – 0.4371)/0.18]
$100,000 = C * 3.1272
C = $100,000/3.1272
= $31,977
Therefore, you’ll have to make 5 equal payments of just under $32,000.

If you want to do this with your financial calculator, or just to verify your work, you’d:

	5
	N

	18
	I/Y

	100,000
	PV

	
	CPT

	
	PMT

	Payment:
	= -31,978



The answer is negative because payments are an outflow of cash.

	
Ex.: How Much Can You Afford?
You’re going over your budget and you’ve come to the conclusion that you can afford to pay $632 per month for a new car. You find that the bank rate is 1% per month for 48 months. 

To figure out how much you can borrow, you need to calculate the present value of $632 per month for 48 months at 1%. This is an ordinary annuity, so:

Annuity PV Factor = (1 – Present value factor)/r
=

=

=
37.9740

With this factor, we can calculate the present value of the 48 payments of $632 each as:

Present Value
=
$632 * 37.9740 = $24,000

Therefore, $24,000 is what you can afford to borrow and repay.





	
Ex.: Finding the Number of Payments
You put $1000 on your credit card but can only afford to pay the minimum payment of $20 per month. The interest rate on the card is 1.5% per month, how long will you need to pay off the $1000?

Here we have an annuity of $20 per month at 1.5% for an unknown length of time. The present value, the amount you owe today, is $1000. So we have:


=

=

=


At this point, we get to ask the question: how long does it take for your money to quadruple at 1.5% per month? The answer is about 93 months:



It will take you about 93/12 = 7.75 years to pay off the $1000 at this rate.











With your financial calculator, you can calculate it as follows:

	1.5
	I/Y

	-20
	PMT

	1000
	PV

	
	CPT

	
	N

	Periods
	= 93.11




FINDING THE RATE
The last question we might ask involves the interest rate implicit in an annuity. Let’s say that an insurance company offers to pay you $1000 per year for 10 years if you’ll pay $6710 up front. What rate is implicit in this 10-year annuity?

So, in this case we know the PV ($6710), we know the cash flows ($1000 per year) and we know the life of the investment (10 years). What we don’t know is the discount rate:

$6710 = $1000 * [(1 – Present Value Factor)/r]
=


So the annuity factor for 10 periods is equal to 6.71, and we need to solve for the unknown value of r.

The only way to find the value of r is to use a calculator, a table, or trial and error. 

Let’s say we have a friend who wants to borrow $3000 and she offers to pay you $1000 a year for four years. What’s the interest rate being offered?

We have to start somewhere, so let’s start at 10%

Annuity present value factor
=
 = 3.1699

So the present value of cash flows at 10% is:

Present Value = $1000 * 3.1699 = $3169.90

We’re close. But is 10% too high or too low? Remember  present values and discount rates move in opposite directions: increasing the discount rate lowers the PV and vice versa. Our present value here is too high, so the discount rate is too low. 

If we try 12% we get:

Present Value
=
 = $3037.35

We’re still a little low on the discount rate (because the PV is a little too high), so let’s try 13%:

Present Value
=
 = $2974.47
This is less than $3000, so now we know the answer is between 12% and 13%

If we were tor try solving this on a financial calculator, it would look like this:

	4
	N

	1000
	PMT

	-3000
	PV

	
	CPT

	
	I/Y

	Interest Rate:
	= 12.59%




FUTURE VALUE FOR ANNUITIES
It also sometimes comes in handy to know a shortcut for calculating the future value of an annuity. Suppose you plan to contribute $2000 every year into an RRSP paying 8%. If you retire in 30 years, how much will you have?

One way to answer is to calculate the present value of a $2000, 30-year annuity at 8% to convert it to a lump sum and then calculate the FV of that lump sum:

Annuity present value
=
2000 * (
=
2000 * 11.2578
=
$22,515.57






The future value of this amount in 30 years is:

Future Value
=

=
$22,515.57 * 10.0627
=
$226,566.42

We could have done this calculation in one step instead of doing the above:

Annuity Future Value = Annuity Present Value * 
= $2000 * 
= 
= $2000 * (10.0627 - 1) / 0.08
= $2000 * 113.2832
=$226,566.40

As the example shows, there are future value factors for annuities as well as present value factors. Generally, the future value factor for an annuity is given by:

	
Future Value Factor for an Annuity:

Annuity FV Factor = (Future Value Factor – 1)/r

=






You can also solve this problem using a financial calculator by doing the following:

	30
	N

	8
	I/Y

	-2000
	PMT

	
	CPT

	
	FV

	Future Value
	= 226,566.42






	
Ex.:
An exporter plans to buy $1 million worth of whiskey in 8 years. If the exporter deposits $95,000 annually at year-end in a bank account paying 8%, would there be enough to pay for the whiskey?

Annuity FV Factor = (Future Value Factor – 1)/r
=


The future value of this 8 year, $95,000 annuity is therefore:

Annuity Future Value = $95,000 * 10.6366 = $1,010,480

So the exporter would make enough with $10,480 to spare.




Ex.:
I plan to save $1000 at the end of each year for the next 5 years; I will receive 10% compound interest. How much money will I have at the end of the 5th year?

	
Future Value of an Ordinary Annuity:







So, we can calculate it using this formula. It would look like the following:

= 6105.10

Or, you could use your financial calculator:

	-1000
	PMT

	5
	N

	0
	PV

	10
	I/Y

	
	CPT

	
	FV

	
	= 6105.10






ANNUITIES DUE
So far, we’ve discussed ordinary annuities. These are most important, but there’s a common variation.

For an ordinary annuity, the cash flows occur at the end of each period, like when you take out a loan. But when you take out a lease on an apartment, the payment is due at the beginning of the month. A lease is an example of an ANNUITY DUE.

	
Annuity Due – An annuity for which the cash flows occur at the beginning of the period.




With a financial calculator, you have to switch it into “due” or “beginning” mode. It’s important to switch it back when done!

If we assume cash flows occur at the end of each period when they really occur at the beginning, then we discount each one by one period too many. We can fix this by multiplying our answer by (1+r), where r is the discount rate. The relationship between the value of an annuity due and an ordinary annuity is just:

	
Annuity Due Value
=
Ordinary Annuity Value * (1+r)




This works for both present and future values, so calculating the value of an annuity due involves 2 steps:

(1) Calculate the present or future value as though it were an ordinary annuity
(2) Multiply your answer by (1+r)


Annuity Due
I plan on saving $1000 at the beginning of each year for the next 5 years in an account that offers me 10% compound interest. How much money will I have at the end of the 5th year?
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Future Value of an Annuity Due






So, for our question above, the answer would look like the below:

 = 6715.61


I plan on saving $1000 at the beginning of each year for the next 5 years in an account that offers me 10% compound interest.

A friend of mine wants to invest NOW – how much should he deposit in a similar account to have the same amount that I will after 5 years?

	
Present Value of an Annuity Due






So, for our example above, our equation would look like:

 = 4169.86

Ex.:
Assume you’re going to receive a 20-year annuity with annual payments of 50$. The first payment will be at the beginning of Year 1 and the last payment will be at the beginning of Year 20. You’ll invest in an account that pays 15%.

What will be the value in your account at the end of Year 20?

 = 5890.50

How much should I invest NOW in a similar account to have the same amount after 20 years?

 = 359.91




	
Ordinary Annuity
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Annuity Due
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PERPETUITIES

An important special case of an annuity arises when the level stream of cash flows continues forever. This type of an asset is called a perpetuity because the cash flows are perpetual.

	
Perpetuity – An annuity in which the flows continue forever.




Because a perpetuity continues forever, we can’t compute its value by discounting each one. 

Consider a perpetuity that costs $1000 and offers a 12% rate of return with payments at the end of each period. The cash flow each year must be $1000 * 0.12 = $120.




More generally, the present value of a perpetuity (PV = $1000) multiplied by the rate (r = 12%) must equal the cash flow (C = $120):

	
Perpetuity Present Value * Rate = Cash Flow

PV * r = C




Therefore, given a cash flow and a rate of return, we can compute the present value easily:

PV for a perpetuity
=
C/r
=
C * (1/r)

For example, an investment offers a perpetual cash flow of $500 every year. The return you require on such an investment is 8%. What’s the value of this investment? 

Perpetuity PV
=
C * (1/r)
=
$500/0.08
=
$6250

Another way of seeing why a perpetuity’s value is so easy to determine if to look at the expression for an annuity present value factor:

Annuity Present Value Factor = (1 – Present Value Factor)/r
=
(1/r) * (1 – Present Value Factor)

When the number of periods involved gets very large, the present value factor gets very small. As a result. The annuity factor gets closer to 1/r. 










	
Ex.:
If you contributed $2000 at the beginning of each year at 8% for 30 years, how much would you have after 30 years?

Annuity Due Future Value
=
Payment * Annuity FV Factor * (1 + r)
=
$2000 * (1.0830 - 1)/0.08 * (1.08)
=
$244,692






These are special annuities that go on forever. There are few actual perpetuities (like UK government consols or consolidated annuities).

Effective Perpetuities – Real estate, preferred stock

	
Present Value of a Perpetuity
The first payment is made at the end of this period






Ex.:
If the interest rate is 17%, what’s the present value of $1000 per year for an ordinary annuity that goes on forever?















	SUMMARY OF ANNUITY & PERPETUITY CALCULATIONS

	I. Symbols

	PV = Present Value, what future cash flows are worth today
Future Value, what cash flows are worth in the future
r = Interest rate, rate of return, or discount rate per period – typically, but not always, one year
t = Number of periods – typically, but not always, the number of years
C = Cash amount

	II. Future Value of C Per Period for t Periods at r% Per Period

	
A series of identical cash flows is called an annuity, and the term is called the annuity future value factor

	III. Present Value of C Per Period for t Periods at r% Per Period

	
The term {1 – [1/(1+r)^t]}/r is called the annuity present value factor

	IV. Present Value of a Perpetuity of C Per Period

	
A perpetuity has the same cash flow every year forever.




	
Ex.: Preferred Stock
When a corporation sells these stocks, the buyer is promised a fixed cash dividend every period forever. This dividend must be paid before regular shareholders.

Home Bank of Canada wants to sell preferred stock at $100/share. A similar issue of preferred stock already outstanding has a price of $40/share and offers a dividend of $1 every quarter. What dividend would the Home Bank have to offer for the preferred stock to sell?

The issue already out has a PV of $40 and a cash flow of $1 per quarter. This is a perpetuity:

Present Value
=
$40 = $1 * (1/r)
r = 2.5%

To be competitive, the new issue would also have to offer 2.5% per quarter, so, if the present value is to be $100, the dividend must be such that:

Present Value
=
$100 = C * (1/0.25)
C = $2.5 (per quarter)



GROWING PERPETUITIES
It’s common to find perpetuities with growing payments. 

	
Growing Perpetuity – A constant stream of cash flow without end that’s expected to rise indefinitely.




For example, imagine an apartment building in which cash flows to the landlord after expenses will be $100,000 next year. These cash flows are expected to rise at 5% per year. If we assume that this rise will continue indefinitely, the cash flow stream is called a growing perpetuity. With an 11% discount rate, the present value of the cash flows can be represented as:





C = Cash flow to be received in one period
g = The rate of growth per period, expressed as a percentage
r = The interest rate

	
Present Value of Growing Perpetuity






Using this equation, the present value of the cash flows from the apartment building is:



This equation only holds true when k > g, the interest rate is greater than the growth rate. Otherwise, the answer becomes negative and uninformative.

This equation only holds true when the growth rate is constant.







	
Ex.:
An apartment building generated $100,000 in after-tax cash flow last year. We assume that rent will increase at 4% each year forever and that the interest rate is 15%.

The present value of these cash flows is:

 = $945,454.55




There are 3 important points concerning the growing perpetuity formula:

1. The Numerator – The numerator is the cash flow one period hence, not at date 0. Consider the following example:

	
Ex.:
A corporation is about to pay a dividend of $3 per share. Investors anticipate that the annual dividend will rise by 6% a year forever. The applicable interest rate is 11%. What’s the price of the stock today?

The numerator is the cash flow to be received next period. Since the growth rate is 6%, the dividend next year is $3.18 ($3 * 1.06). The price of the stock today is:

 = $66.60

The $3.00 is the imminent dividend
The $3.18/0.11 – 0.06 is the present value of dividend all dividends beginning in a year from now




2. The Interest Rate & Growth Rate – The interest rate r must be greater than the growth rate g for the growing perpetuity formula to work.

3. The Timing Assumption – Cash generally flows into and out of real-world firms both randomly and nearly continuously. But our growing perpetuity formula assumes that cash flows are received and disbursed at regular and discrete points in time.

The growing perpetuity formula can be applied only by assuming a regular and discrete pattern of cash flow. The user should never forget this assumption.




GROWING ANNUITY
Cash flows in business are likely to grow over time either because of real growth or inflation. The growing perpetuity, which assumes an infinite number of cash flows, provides one formula to handle this growth.

	
Growing Annuity – A finite number of growing annual cash flows.




Because perpetuities of any kind are rare, a formula for a growing annuity often comes in handy.
GROWING (OR SHRINKING) ANNUITIES
A growing annuity is similar to a growing perpetuity in the payments grow at a constant rate each period, but the annuity only lasts for a finite period of time (n periods).

	
Present Value of a Constant Growth Annuity






C = The payment to occur at the end of the first period
r = The interest rate
g = The rate of growth per period, expressed as a percentage
t = The number of periods for the annuity

· Positive growth rates (g > 0) yield growing annuities

· Negative growth rates (g < 0) yield shrinking annuities

· If g = 0, the above equation simplifies to the present value of an ordinary annuity













	
Ex.:
A student has just been offered a job at $90,000 a year. He anticipates his salary will increase by 2% a year until his retirement in 40 years. Given an interest rate of 5%, what’s the present value of his lifetime salary?

We simplify by assuming he’ll be paid his $90,000 salary exactly one year from now and that his salary will continue to be paid in annual installments. From the growing annuity formula, the calculation is:

Present Value of lifetime salary
=
 = $2,059,072.50






	
Ex.:
Jim’s pension will pay him annual payments that grow at a constant rate of 3% per year for the next 25 years. This year’s payment, to be received at the end of the year, will be $40,000. If the appropriate discount rate is 10%, what’s the present value of these cash flows?

 = $461,001.53

So Jim’s pension is worth about $461,000 today.





	
Ex.: Alice will receive royalty payments from a gas well she owns. As the resources will be depleted over the next 10 years, she expects the royalties to decline by 5% per year over the next decade. This year’s royalty payment is $10,000. If the appropriate discount rate is 15%, what’s the present value of Alice’s royalty payments?

 = $42,600.07

Alice’s royalties are worth about $42,600 today.




When trying to solve an annuity or perpetuity related problem, remember the following:

· Is it annuity or perpetuity? Or do we have different cash flows at different points in time?

· To qualify as an annuity or perpetuity, the cash flows should be equal or growing at a constant rate (g) or falling at a constant rate (g)

· If the cash flows don’t form an annuity or perpetuity, then we should discount each cash flow independently

· Are we dealing with ordinary or due series? (Payments at the beginning or at the end?)

· For an annuity, how many years (or periods) of payments do we have? What is n?

· The interest rate should be the effective interest rate – what’s an effective interest rate?


NOMINAL VS EFFECTIVE INTEREST RATES

	
Effective Rate – The actual rate at which our investment grows over a period of time (daily, monthly, quarterly, annually)

Annually  Effective Annual rate (EAR)




	
Nominal Interest Rate – Also known as Quoted Rate (QR) or Annual Percentage Rate (APR) is an interest rate that doesn’t include consideration for compounding.
This is usually an annual rate unless otherwise indicated.




Why do effective rates differ from nominal rates?
· The possibility of reinvestment

How to Convert Quoted Rate (QR) to Effective Rate
Use the 5-11 formula:

	
5-11 Formula






f = Frequency of payments per year OR how many effective periods are quoted in one quoted period

· f = 1: We’re looking for the effective annual rate
· f = 2: We’re looking for the effective semi-annual rate
· f = 4: We’re looking for the effective quarterly rate
· f = 12: We’re looking for the effective monthly rate
· f = 365: We’re looking for the effective daily rate
· f = 0.5: We’re looking for the effective ‘two year’ rate

QR = Quoted rate, APR, nominal rate

m = Number of compounding intervals per period (year – in COMM 308 QR is the annual quoted rate. If the interest rate is quoted based on other periods, m will be the number of compoundings per ‘period)

k = Effective periodic rates (monthly, quarterly, annually)

How to Convert Effective Rate A to Effective Rate B
This would be used when you want to convert the effective annual rate to the effective monthly rate, or to effective quarterly rates, or…

You can use the 5-11 formula and simply convert one effective rate to quoted rate and then use the quoted rate to find the other effective rate.

If both rates have the same m and QR, use the following:

= effective rate A (monthly, quarterly, annually..)
= effective rate B (monthly, quarterly, annually..)
= frequency of payments per year
= frequency of payments per year

	
 = 




If you have the following statement, what is the corresponding effective annual interest rate?

· 12% (nominal rate, QR) interest per year (time period, t), compounded monthly (compounding period, CP)

	12% Compounded
	Effective Annual Rate

	Annually (m = 1)
	12.0000%

	Semi-annually (m = 2)
	12.3600%

	Quarterly (m = 4)
	12.5509%

	Monthly (m = 12)
	12.6825%

	Daily (m = 365)
	12.7478%

	Continuously (m = ∞)
	12.7497%


When compounding is conducted infinite times, we achieve continuous compounding, and the effective annual rate will be:



Where e is Euler’s number (, so:



	
Ex.: 
12% interest per year, compounded monthly – what’s the effective annual interest rate?


=
 = 12.68%





	
Ex.:
12% interest per year, compounded quarterly – what’s the effective annual interest rate? 


=
 = 12.55%




	
Ex.:
12% interest per year, compounded quarterly – what’s the effective semi-annual interest rate? 


=
 = 6.09%





LOANS & MORTGAGES

We face loan payments frequently in our daily lives with such things as:

· Consumer related loans
· Car loans
· Student loans
· Business loans

We can borrow money but we have to pay it back plus interest. Payments are usually in equal amounts and in a pre-specified time frame.

Mortgage loans are different from other types of loans. Mortgage loans are usually secured by real property.

	
Amortize – To retire a loan over a given period of time by making regular payments.




	
Loan Maturity – This is the life of the loan. It’s the time needed to fully amortize the loan.




	
Blended Payments – Each payment is a combination of interest & principal. The interest portion is tax deductible.




You can apply the annuity formula for loans and mortgages; equal payments are made at regular intervals.


Ex.: I borrow $5000 with a 10% annual interest rate. I have to repay the loan in 3 years. I’ll repay the loan with annual blended payments at the end of each year.
How do you relate it to an annuity?

C = loan payments (blended payments)



=

 = $2010.57

So C = $2010.57
The amortization schedule for this loan is:

	Period
	(1) 
Beginning Principal Outstanding
	(2)
PMT
	(3)
Interest
[ (1) * r ]
	(4)
Principal Repayment
[ (2) – (3) ]
	(5)
End Principal Outstanding
[ (1) – (4) ]

	1
	5000.00
	2010.57
	500.00
	1510.57
	3489.43

	2
	3489.43
	2010.57
	348.94
	1661.63
	1827.80

	3
	1827.80
	2010.57
	182.77
	1827.80
	0.00



For loan and payments and amortization:

· Usually for annuity problem, 3 out of the 4 components are given

· Use the effective rate for the period separating 2 payments (if you’re given the quoted rate, transform them into the effective rate)

· Payments can be made monthly, bi-weekly or weekly

· In Canada, mortgage loans are compounded on a semi-annual basis
· For Canadian mortgage loans, the problem might not specify that interest rates are compounded semi-annually, you need to know this

· For the US, mortgage loans are usually compounded on a monthly basis



Ex.:
An investor plans on retiring in 35 years from today and has sufficient savings to guarantee $48,000 per year for 20 years.

Retirement withdrawals will be made at the beginning of each of the 20 years.

[bookmark: _GoBack]The investor estimates that at the time of retirement, he can sell his business for $200,000.

The expectation is that interest rates will be relatively stable at 8% per year for the next 35 years. Thereafter, the interest rate is expected to decline to 6% per year forever.

The investor wants to make equal annual deposits at the end of each year for the next 35 years.

How much should be deposited each year in order to meet the stated objective?

1st – How much does the investor need in 35 years?
At that point, the investor wants a 20 year annuity that will pay a constant $48,000 at the beginning of each year (annuity due) at a 6% interest rate. The present value (at time 35) of this annuity is:

= $583,589.59

So the investor needs $583,589.59 by the time he retires in order to fund the 20 years of $48,000 annual payments, at 6% interest.

2nd – The investor will raise $200,000 by selling his business at the time of retirement. So, this means that $383,589.59 has to be accumulated over the next 35 years (Note: this is the future value at time 35)

We have to determine the annual deposit for the next 35 years until retirement given that the future value has to be $383,589.59 and that that interest rate will be 8%.




=

 = $2226.07

So the investor has to deposit $2226.07 every year.
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