CHAPTER 5
Time Value of Money

$1 today is worth more than $1 in the future
OR
If you have $1 today and decide to invest or save it, you expect a higher amount (than $1) in the future

Why?

	
Time Value of Money – A dollar in hand today is worth more than a dollar promised at some time in the future.




You have the opportunity to consume right now but you postpone it for a level of consumption in the future. To compensate for this ‘sacrifice’, you’ll demand a higher consumption level.

General Idea  In a certain time in the future, money invested today will have more value than the same amount invested later.

How much more value?
Interest rates determine future values.

Money invested today will have MORE VALUE than the same amount invested later.

	Today
	Later (next year)
	Later (2 years)
	Later (5 years)

	$1000
	$1100
=
$1000 + $100
	$1200
=
$1000 + $100 + $100
	$1500
=
$1000 + (5*100)



TIME (of the investment) plays an important role.

The 2 main players:
· Interest rate
· Time of our investment(s)

When our money grows, we ask:
· How fast does it grow in one year?
· How long will it grow for?







FUTURE VALUE & COMPOUNDING

	
Future Value – The amount of money to which an investment would grow over some length of time at some given interest rate.




Basically, the future value is the cash value of an investment sometime in the future.

SIMPLE INTEREST
Interest (paid or received) is only on the initial investment (principal). This has limited use in reality.

Ex.:
You invest $1000
Simple interest rate = 10% annually
How will your money grow over 5 years?

	Year
	Initial Investment
	Interest you receive for the year
	Money you have at the BEGINNING of the year
	Money you have at the END of the year

	1
	$1000
	$1000 * 0.10 = $100
	$1000
	$1100

	2
	$1000
	$1000 * 0.10 = $100
	$1100
	$1200

	3
	$1000
	$1000 * 0.10 = $100
	$1200
	$1300

	4
	$1000
	$1000 * 0.10 = $100
	$1300
	$1400

	5
	$1000
	$1000 * 0.10 = $100
	$1400
	$1500



	
FVt = P + (t * P * r)

VALUE (at time t)
=
Principal
+
(t * Principal * Interest Rate)
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COMPOUND INTEREST

	
Compound Interest – Interest earned on the principal and any gained (accrued) interest. Compounding the interest means earning interest on interest.




	Year
	Initial Investment
	Interest you receive for the year
	Money you have at the BEGINNING of the year
	Money you have at the END of the year

	1
	$1000
	$1000 * 0.10 = $100
	$1000
	$1100

	2
	$1000
	$1100 * 0.10 = $110
	$1100
	$1210

	3
	$1000
	$1210 * 0.10 = $121
	$1210
	$1331

	4
	$1000
	$1331 * 0.10 = $133.10
	$1331
	$1464.10

	5
	$1000
	$1464.10 * 0.10 = $146.41
	$1464.10
	$1610.51




	
Compound Interest:





So in five years, if you invest $1000, your investment would grow to $1610.51; below:



(1 + 0.10)
=
1.1 = 1.6105

So,
$1000 * 1.6105 = $1610.51

The growth of your $1000 shown in the table is the same as your beginning amount ($1000) multiplied by the compounding interest rate of 10%.

	Year
	Beginning Amount
	Simple Interest
	
	Interest on Interest
	
	Total Interest Earned
	Ending Amount

	1
	$100.00
	10
	
	0.00
	
	$10.00
	$110.00

	2
	$110.00
	10
	
	1.00
	
	$11.00
	$121.00

	3
	$121.00
	10
	
	2.10
	
	$12.10
	$133.10

	4
	$133.10
	10
	
	3.31
	
	$13.31
	$146.41

	5
	$146.41
	10
	
	4.64
	
	$14.64
	$161.05

	
	Total simple interest
	50
	Total interest on interest
	$11.05
	Total interest
	$61.05
	


The table shows how simple interest is constant in each year, but compound interest gets bigger every year. The size of the compounding interest keeps increasing because more and more interest builds.
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Ex.1: I have $10,000 in my savings account NOW. It gains compound interest with a 12% annual rate. How much will I have in 3 years? In 10 years?









	
Ex.2: My $10,000 has been in my savings account for a while. How much DID I have 3 years ago? 10 years ago?




















Future values depend on the assumed interest rate, particularly for long-lived investments. The graph below shows this difference.
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Compound Growth
The way we calculated for future values is actually quite general and lets you answer some other questions related to growth.

	
Ex.:
Your company currently has 10,000 employees.
You’ve estimated that the number of employees grows by 3% each year.
How many employees will there be in 5 years?
Here, we start with 10,000 people instead of dollars and we don’t think of the growth rate as an interest rate, but the calculation is the same:

10,000 / (1.03) = 10,000 * 1.1593 = 11,593 employees

So there will be about 1593 new hires over the coming 5 years.





FUTURE VALUES
The general formula:

If I make an investment, then the value of the money after t years =



Value of money after t years = 
Initial Investment = 
Interest Rate = r
	
= 


	
Future Value of Interest Factor:
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So using this formula; you invest $1000 – how much will it be in 5 years?

FVt = PVo (1 + r)^t
FV5 
=
PV0 (1 + 0.10) = 1610.51

PRESENT VALUE
My bank offers a 10% interest rate and I want to have $1100 in one year, how much should I invest in my savings account?

	
Present Value

PV0
=
FVt
(1 + r)^t




So, PV0
=
$1100
(1 + 0.10)¹
=
$1000

INTEREST RATES
If you have $1000 and you need to have $1500 in five years, what interest rate should you choose?

FV5
=
PV0 (1 + r)


1500
=
1000 (1 + r)


ln(1500/1000)/5
=
ln(1 + r)


Or, use the financial calculator:

	0
	PMT

	1500
	FV

	-1000
	PV

	5
	N

	
	CPT

	
	I/Y

	Interest Rate:
	K = 8.44%





TIME (examples)
You have $1000, your bank offers 10% compound interest; you need $1500.
How long should you wait until your money reaches that value?

FVn
=
PV0 (1 + 0.10)^n


1500
=
1000 (1 + 0.10)^n


ln(1500/1000)/n
=
ln(1.1)


Or, use the financial calculator:

	0
	PMT

	1500
	FV

	-1000
	PV

	10
	I/Y

	
	CPT

	
	N

	Interest Rate:
	N = 4.254 years





Notes on Using the Calculator:

	Cash Flow Entry
	All cash that we give or receive is entered

	Negative Value for PV
	-1000  PV

	Interest Rate in Percentage Value
	r = 8.44




COMPOUNDING & DISCOUNTING
Find the ‘equal’ (equal utility or satisfaction) amount in the past or future.

Compounding  Find the corresponding amount in the future
$1000 today is worth 1000 * (1 + 0.10) - $1100 next year

Discounting  Find the corresponding amount in the past
$1000 today was worth 1000 / (1 + 0.10) = $909.10 last year


PRESENT VALUE & DISCOUNTING

When we’re discussing future value, we’re thinking of questions such as: what will my $2000 investment grow to if it earns 6.5% return every year for the next 6 years?

But another question that often comes up in financial management is related to future value. Suppose that you need to have $10,000 in 10 years and you can earn 6.5% on your money. How much do you need to invest today to reach your goal?


The Single Period Case
How much do we invest today at 10% to get $1 in one year? So, in other words, we know that the future value is $1, but what’s the present value (PV)?

Whatever we invest today will be 1.1 times bigger at the end of the year. Since we need $1 at the end of the year:

Present Value * 1.1 = $1
Or
Present Value = $1 / 1.1 = $9.09

The present value is the answer to the following question: What amount, invested today, will grow to $1 in one year if the interest rate is 10%?

Present value is just the reverse of future value. Instead of compounding the money forward into the future, we discount it back to the present.







	
Ex.:
You need $400 to buy textbooks next year. You can earn 4% on your money, so how much do you have to put up today?
We need to know the PV of $400 in one year from now at 4%. So:

Present Value * 1.04 = $400

We can now solve for the present value:

Present Value
=
$400 * (1/1.04) = $384.62

This just means the investing this amount for one year at 4% results in your having a future value of $400.




	
The present value of $1 to be received in one period is:

PV = $1 [1 / (1 + r)]
=
$1 / (1 + r)





Present Value for Multiple Periods
Suppose you need to have $1000 in 2 years and you can earn 7%. How much do you have to invest now? In other words, what’s the present value of $1000 in 2 years if the relevant rate is 7%?
$1000
=
PV * 1.07²
=
PV * 1.1449

Given this, we can solve for the present value as:

Present Value = $1000 / 1.1449 = $873.44









	
The present value of $1 to be received in t periods in the future at a discount rate of r is:

PV
=
$1 [1 / (1 + r)^t]
=
$1 / (1 + r)^t




	
Discount Factor (Discount Rate)

1 / (1 + r)^t




The discount rate is also sometimes referred to as the interest rate or the rate of return. Regardless of what it’s called, the discount rate is related to the risk of the cash flows  this higher the risk, the larger the discount rate and the lower the present value.

	
Ex.:
Suppose you need $1000 in 3 years and you can earn 5% on your money. How much should you invest today?

To find out, we have to determine the present value of $1000 in 3 years at 5% so we do this by discounting $1000 back three periods at 5%:

1 / (1 + 0.05)³
=
1 / 1.1576
=
0.8638

The amount we need to invest is therefore:

$1000 * 0.8638 = $863.80












	
Ex.:
You want to buy a new Ferrari and you have about $230,000.
The car costs $274,000.
If you can earn 4%, how much do you have to invest today to buy the car in 2 years? Do you have enough if the price of the car stays the same?

PV
=
$274,000 / 1.04²
=
$274,000 / 1.0816
=
$253,328.40

You’re still around $23,328.40 short, even if you’re willing to wait the 2 years.





PRESENT VALUE VS FUTURE VALUES

What we call the present value is just the reciprocal of (that is, 1 divided by) the future value factor:

	
FUTURE VALUE FACTOR
=
(1 + r)^t


PRESENT VALUE FACTOR
=
1 / (1 + r)^t




If we let FVt stand for the future value after t periods, the relationship between future value and present value can be written as followed:

	
PV * (1 + r)^t = FVt

PV
=
FVt / (1 + r)^t
=
FVt * [1 / (1 + r)^t]




This last formula is called the basic present value equation.
	
Ex.:
You company proposes to buy a very asset of $335,000
You’ll sell the asset in 3 years for $400,000
You know that you could invest the $335,000 elsewhere at 3% with very little risk
What do you think of the proposed investment?

It’s a good investment because the $335,000 elsewhere at 3% after 3 years gives us:

$335,000 * (1 + r)^t
=
$335,000 * 1.03³
=
$335,000 * 1.0927
=
$366,054.50

Because the investment proposed pays out $400,000, it’s the better alternative. Another way of saying the same things is to notice that the present value of $400,000 in 3 years at 3% is:

$400,000 * [1 / (1 + r)^t]
=
$400,000 / 1.0927
=
$366,065.71

We’d have to invest $366,000 to get $400,000 in 3 years, no $335,000.





DETERMINING THE DISCOUNT RATE
We often need to determine what discount rate is implicit in an investment. We can do this by looking at the basic present value equation:

	
PV
=
FVt / (1 + r)^t




There are only 4 parts to this equation:
· Present Value (PV)
· Future Value (FV)
· Discount Rate (r)
· The life of the investment (t)

Given any 3 of these 4, we can always find the 4th part.

To illustrate, let’s say we’re offered an investment that costs us $100 and doubles our money in 8 years. 

To compare this to other investments, we’d need to know what discount rate is implicit in these numbers. The discount rate is also called the rate of return.

In this case, we have the PV of $100, a FV of $200 (doubles our money) and an 8 year life. To calculate the return, we can write the basic present value equation as:

PV
=
FVt / (1 + r)^t

$100
=
$200 / (1 + r)^t

It could also be written as:

(1 + r)^8
=
200 / 100 = 2

Now we need to solve for r.
There are 3 ways that we can do this.

1. Use a financial calculator

	8
	N

	-100
	PV

	200
	FV

	
	CPT

	
	I/Y

	
	= 9.05



2. Solve the equation for 1 + r by taking the 8th root of both sides.
This is the same thing as raising both sides to the power of 1/8 or 0.125, which is easy to do using the [y^x] key on your calculator.
Enter 2, then press [y^x], enter 0.125, then press the [=] key
The 8th root should be about 1.09, which implies that r is 9%

3. Use a future value table







	
Ex.: Finding r for a Single Period Investment
You’re considering a one year investment. If you put up $1250, you’d get back $1350. What rate are you paying?

This is fairly simple because it’s a single period. You’re getting $100 back on your investment, so the rate of return is simply $100 / 1250 = 8%

But more formally, from the basic present value equation, the PV is $1250, the FV is $1350, the time involved is one period, so:

$1250 = $1350 (1 + r)^t
(1 + r) = $1350 / $1250 = 1.08
r = 8%





	
Ex.:
You estimate that you’ll need about $100,000 to send your child to university in 8 years. You have about $45,000 now. If you can earn 4%, will you make it? At what rate will you reach your goal?

FV
=
$45,000 * (1.04)^8
=
$45,000 * 1.3686
=
$61,587

So you’ll not make it easily. The minimum rate if the unknown r in the following:

FV
=
$45,000 * (1 + r)^8 = $100,000
(1 + r)^8 = $100,000 / $45,000 = 2.2222

To get the exact answer, we could use a financial calculator or we can solve for r:

(1 + r) = 2.2222^(1/6)
=
2.2222^1.25
=
1.1050

r = 10.50%




FINDING THE NUMBER OF PERIODS
Suppose we’re interested in purchasing an asset that costs $50,000. We currently have $25,000 and we can earn 12% on this $25,000. How long until we have out $50,000?

The answer involves solving for the last variable in the basic present value equation. The PV is $25,000, the FV is $50,000 and the discount rate is 12%. So the basic equation will take one of the following forms:

$25,000 = $50,000 / (1.12)^t
$50,000 / 25,000 = (1.12)^t = 2

So we have a future value factor of 2 for a 12% rate. To get the exact answer, we have to use a financial calculator, or solve for t.

To solve for t, we have to take the logarithm of both sides of the equation:

1.12^t = 2
log 1.12^t = log 2
t log 1.12 = log 2
t = log 2 / log 1.12
t = 6.1163

	
Ex. :
You’ve been saving to buy a company that will cost you $10 million. You currently have around $2.3 million and you can earn 5% on your money. How long will you have to wait?

$2.3 = 10 / (1.05)^t
1.05^t = 4.35
t = 30 years



















USING A FINANCIAL CALCULATOR

Financial calculators have the advantage that they handle a lot of computation, but that’s really all they do – you still need to understand the problem.

A typical financial calculator has the following keys:

PV = Present Value
FV = Future Value
N = Number of periods (t)
I/Y = Interest rate (r)


How to Calculate Future Values
Looking back at our original example involving the future value of $100 at 10% for 5 years, we have the answer of $161.05. Here is how you’d calculate it on the calculator:

	100
	+/-

	
	PV

	10
	I/Y

	5
	N

	
	CPT

	
	FV

	
	161.05



How to Get the Wrong Answer Using the Calculator
There are 2 categories that we’ll look at: 3 things you need to do only once and 3 things you need to do every time you work a problem.

The things you need to do just ONCE deal with the following calculator settings:

1. Make sure your calculator is set to display a large number of decimal places
Most financial calculators only display 2 decimal places.

2. Make sure your calculator is set to assume only one payment per period or per year.
Most financial calculators assume monthly payments (12 per year) unless you say otherwise.

3. Make sure your calculator is in “end” mode
This is usually set by default, but you can accidentally change it to “begin” mode

If you don’t know how to set these 3 things, see your calculator’s operating manual.



There are also 3 things you need to do EVERYTIME you work a problem:

1. Before you start, completely clear out the calculator
This is important – you can get the wrong answer if you don’t do this and you should get into the habit of doing it before every problem. To do this, press:

2nd
CLR
TVM

2. Out a negative sign on cash OUTFLOWS
Most financial calculators require you to put a negative sign on cash outflows and positive sign for cash inflows. This usually just means that you should enter the present value amount with a negative sign (because normally the present value represents the amount you give up today in exchange for cash inflows later). By the same token, don’t be surprised is when you solve for present value, they put a negative sign.

3. Enter the rate correctly.
Financial calculators assume the rates are quoted in percent, so if the rate is 0.08 (or 8%), you should enter 8, not 0.08

One way to figure out if you’ve made a mistake or not is to use your financial calculator to complete a check for reasonableness. So think about the problem logically and consider whether your answer seems reasonable and then check it with the financial calculator.
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