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1. [4 points] (2 points each).

(a) Compute

∫
(x5 − 5x) dx

Your answer: x6

6 −
5
2x

2 + C

Solution:

Integrating yields
∫ (
x5 − 5x

)
dx = x6

6 −
5
2x

2 + C.

(b) Suppose that

∫ 3

−1
f(x) dx = 5 and

∫ 3

2
f(x) dx = −1. Find

∫ 2

−1
f(x) dx.

Your answer: 6

Solution:

Using the additivity property of the integral we have:
∫ b
a f(x) dx =

∫ c
a f(x) dx +

∫ b
c f(x) dx.

Applying this to our case we have∫ 3

−1
f(x) dx =

∫ 2

−1
f(x) dx+

∫ 3

2
f(x) dx.

Therefore, ∫ 2

−1
f(x) dx =

∫ 3

−1
f(x) dx−

∫ 3

2
f(x) dx = 5− (−1) = 6.
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2. [5 points]

(a) [2 points] Evaluate

∫ π/2

0
sinx ecosx dx Your answer: e− 1

Solution:

We use substitution rule. Let u = cos(x). Then du = − sin(x) dx. Also, x = 0 implies
u = cos(0) = 1 and x = π

2 implies u = cos(π2 ) = 0. Therefore,∫ π
2

0
sin(x)ecos(x) dx = −

∫ 0

1
eu du = − [eu]01 = −e0 + e1 = e− 1.

(b) [3 points] Evaluate

∫ 2

1
2x lnx dx Your answer: 4 ln(2)− 3

2 .

Solution:

We use integration by parts.

Let u = ln(x) and dv = 2x dx. Then we have du = 1
x dx and v = x2. Therefore,

∫ 2

1
2x ln(x) dx = uv]21 −

∫ 2

1
v du

= x2 ln(x)
]2
1
−
∫ 2

1
x2

1

x
dx

= 4 ln(2)− ln(1)−
∫ 2

1
x dx

= 4 ln(2)− x2

2

]2
1

= 4 ln(2)− (2− 1

2
)

= 4 ln(2)− 3

2
.
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3. [8 points] (4 points each)

(a) Compute

∫
x2ex dx Your answer: x2ex − 2xex + 2ex + C

Solution:

Using integration by parts with u = x2 and dv = ex dx, we have du = 2x dx, v = ex, and∫
x2ex dx = x2ex −

∫
2xex dx.

Integrating by parts one more time with ũ = x and dṽ = ex dx, we have dũ = dx, ṽ = ex, and∫
x2ex dx = x2ex − 2

(
xex −

∫
ex dx

)
= x2ex − 2xex + 2ex + C.

(b) Evaluate

∫ π

−π
| sinx| dx Your answer: 4

Solution 1:

Let f(x) = | sin(x)|. Then f(−x) = | sin(−x)| = | − sin(x)| = | sin(x)|. Hence, f(x) is an even
function. Therefore,

∫ π

−π
| sin(x)| dx = 2

∫ π

0
| sin(x)| dx

= 2

∫ π

0
sin(x) dx, since sin(x) ≥ 0 for all x ∈ [0,−π]

= 2 [− cos(x)]π0

= 2(− cos(−π) + cos(0))

= 4.

Solution 2:

Notice that sin(x) ≥ 0, for all x ∈ [0, π], and sin(x) ≤ 0 for all x ∈ [−π, 0].

Therefore,

∫ π

−π
| sin(x)| dx =

∫ 0

−π
| sin(x)| dx+

∫ π

0
| sin(x)| dx

=

∫ 0

−π
(− sin(x)) dx+

∫ π

0
sin(x) dx

= [cos(x)]0−π + [− cos(x)]π0

= cos(0)− cos(−π)− cos(π) + cos(0)

= 1− (−1)− (−1) + 1

= 4.
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4. [3 points]

A particle moves in a straight line with velocity v(t) = e3t−3 + 1.

Its position at time t = 1 is s(1) = 1
3 . Find its initial position s(0).

Your answer: 1
3e
−3 − 1

Solution:

We know that v(t) = s′(t). Therefore, to find s(t) we need to find an antiderivative of v.

s(t) =

∫
v(t) dt =

∫ (
e3t−3 + 1

)
dt =

1

3
e3t−3 + t+ C.

At t = 1, we have

1

3
= s(1) =

1

3
e3(1)−3 + 1 + C =

1

3
+ 1 + C.

Hence, C = −1. Therefore, s(0) = 1
3e

0−3 + 0− 1 = 1
3e
−3 − 1.
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5. [4 points] (2 points each)

Solution:

Suppose that the temperature of a certain region is modeled by the function T (t) = 10− 5 cos
(
π
12 t
)
.

(a) Find the average temperature on the time interval [0, 12]. The average value is given by

fave =
1

12− 0

∫ 12

0

(
10− 5 cos

( π
12
t
))

dt

=
1

12

[
10t− 60

π
sin
( π

12
t
)]12

0

=
1

12

[
120− 60

π
sin(π) +

60

π
sin(0)

]
= 10.

(b) Find a time t0 that satisfies the Mean Value Theorem for Integrals for the temperature function
T (t) = 10− 5 cos

(
π
12 t
)

on the interval [0, 12].

Solution:

By the Mean value Theorem for Integrals we know that there exists t0 ∈ [0, 12] such that

f(t0) = fave = 10.

Solving the equation f(t0) = 10 we have

10− 5 cos
( π

12
t0

)
= 10 ⇒ cos

( π
12
t0

)
= 0

⇒ π

12
t0 =

π

2
(recall that t ∈ [0, 12])

⇒ t0 = 6.
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6. [8 points] (4 points each)

(a) Evaluate the following limit lim
n→∞

n∑
i=1

1

1 +
(
i
n

)2 1

n
.

Solution:

First notice that this is a limit of Riemann sums. Therefore, we can rewrite the limit as an
integral. The expression suggests that ∆x = 1

n . We try then a = 0 and b = 1. Hence,
xi = a+ i ·∆x = i

n . Therefore, our function must be f(x) = 1
1+x2

.

Hence,

lim
n→∞

n∑
i=0

1

1 +
(
i
n

)2 1

n
=

∫ 1

0

1

1 + x2
dx

= tan−1(x)
]1
0

= tan−1(1)− tan−1(0)

=
π

4
− 0

=
π

4
.

(b) Let g(x) =

∫ ex

x
tan(sin t) dt. Find g′(x).

Solution:

Using the additivity of the integral, we have

g(x) =

∫ 0

x
tan(sin(t)) dt+

∫ ex

0
tan(sin(t)) dt

= −
∫ x

0
tan(sin(t)) dt+

∫ ex

0
tan(sin(t)) dt.

Then by the Fundamental Theorem of Calculus and the chain rule we have

g′(x) = − tan(sin(x)) + tan(sin(ex)) · ex

Here we used the Chain Rule to find the derivative of the second term. If u = ex, then∫ ex
0 tan(sin(t)) dt =

∫ u
0 tan(sin(t)) dt. Therefore,

d

dx

∫ ex

0
tan(sin(t)) dt =

d

du

∫ u

0
tan(sin(t)) dt · du

dx
= tan(sin(u)) · du

dx
= tan(sin(ex)) · ex.
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7. [4 points] Compute

∫
3

x2 − x− 2
dx.

Solution:

Notice that this is a rational function. We can use the method of partial fractions.

Partial fraction decomposition.

3

x2 − x− 2
=

3

(x− 2)(x+ 1)
=

A

x− 2
+

B

x+ 1
=
A(x+ 1) +B(x− 2)

(x− 2)(x+ 1)
.

Therefore, 3 = A(x+ 1) +B(x− 2).

• If x = 2, then 3 = 3A⇒ A = 1.

• If x = −1, then 3 = −3B ⇒ B = −1.

Hence, ∫
3

x2 − x− 2
dx =

∫ (
1

x− 2
− 1

x+ 1

)
dx

= ln |x− 2| − ln |x+ 1|+ C

= ln

∣∣∣∣x− 2

x+ 1

∣∣∣∣+ C.
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8. [5 points] Compute

∫
tan3 x sec3/2 x dx.

Solution:

Notice that

tan3(x) sec3/2(x) = tan2(x) sec1/2(x)(sec(x) tan(x))

= (sec2(x)− 1) sec1/2(x)(sec(x) tan(x)).

Therefore, if we let u = sec(x) then du = sec(x) tan(x) dx. Hence,

∫
tan3 x sec3/2 x dx =

∫
(u2 − 1)u1/2 du

=

∫
(u5/2 − u1/2) du

=
2

7
u7/2 − 2

3
u3/2 + C

=
2

7
sec7/2(x)− 2

3
sec3/2(x) + C.
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9. [6 points] Compute

∫ √
8 + 2x− x2 dx.

Solution:

This is the square root of a quadratic polynomial, so we would like to use trigonometric substitution.
For that, we first complete the square:

8 + 2x− x2 = 9− 1 + 2x− x2 = 9− (x2 − 2x+ 1) = 9− (x− 1)2.

Therefore, ∫ √
8 + 2x− x2 dx =

∫ √
9− (x− 1)2 dx.

Hence, if we let x− 1 = 3 sin(θ), then we have dx = 3 cos(θ) dθ. Thus,∫ √
8 + 2x− x2 dx =

∫ √
9− 9 sin2(θ)(3 cos(θ)dθ)

=

∫
3

√
1− sin2(θ)(3 cos(θ)dθ)

=

∫
3
√

cos2(θ)(3 cos(θ)dθ) θ ∈
[
−π
2
,
π

2

]
⇒ cos(θ) ≥ 0

=

∫
(3 cos(θ))(3 cos(θ)) dθ

=

∫
9 cos2(θ) dθ

= 9

∫
1 + cos(2θ)

2
dθ

= 9

(
1

2
θ +

1

4
sin(2θ)

)
+ C

= 9

(
1

2
θ +

1

2
sin(θ) cos(θ)

)
+ C

(Back substitude) =
9

2
sin−1

(
x− 1

3

)
+

9

2

x− 1

3
·
√

9− (x− 1)2

3
+ C

=
9

2
sin−1

(
x− 1

3

)
+

1

2
(x− 1) ·

√
9− (x− 1)2 + C.

Notice that x− 1 = 3 sin(θ)⇒ sin(θ) = x−1
3 and so θ = sin−1

(
x−1
3

)
.

√
9− (x− 1)2

x− 1
3

θ
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10. [13 points] Consider the region R enclosed by the curves y = x3, y = 1 and x = 0.

Solution: Intersection points x3 = 1⇔ x = 1

(a) [2 points] Sketch the region.
Solution:

y = x3

(1, 1)

1

y = 1

S

(b) [3 points] Find the area of the region R.

Solution:

The area of R is

A =

∫ 1

0
(1− x3) dx =

[
x− x4

4

]1
0

= 1− 1

4
=

3

4
.
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Find the volume of the solid obtained by rotating the region R about the x-axis in two different
ways:

(c) [4 points] Integrating with respect to x.

Solution:

y = x3

(1, 1)

1

y = 1

rout = 1

rinn = x3

We use washers. The inner radius is rinn = x3 and the outer radius is rout = 1. Therefore,

V =

∫ 1

0
π(r2out − r2inn)

=

∫ 1

0
π(1− x6) dx

= π

[
x− x7

7

]1
0

= π

(
1− 1

7

)
=

6

7
π.
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(d) [4 points] Integrating with respect to y (Hint: Use cylindrical shells.).

Solution:

x = y1/3

(1, 1)

1

1

As the hint suggests, we use cylindrical shells. The radius is y and the height is y1/3. Therefore,

V =

∫ 1

0
2π · y · y1/3 dy

= 2π

∫ 1

0
y4/3 dy

= 2π
3

7
· y7/3

]1
0

= 2π · 3

7

=
6

7
π.
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