ECOR 2606 Midterm Winter 2015 D Solutions

Authorized Memoranda: Authorized calculator. (Crib sheets are attached.)

Name First: L ast:

Student Number:

CircleLab Section: L3Mon 8:30am; L5Mon 10am; L2Mon4pm; L6Wed4pm;
L1 Thu4pm; L7 Fri 1pm; L4 Fri 4pm

Q1(12) [Q2(12) |Q3(/14) |Q4(12) | Deductions | Total(/50)

There are 4 questionsworth 50 markson 9 pages. For full marks, show your work and explain your
steps. Round all numbersto 4 decimal placesin your calculations (no fractions!). All Matlab code
requirescomments. You may carefully remove thereference material but must hand in all pages.
(2 mark was deducted if you did not round to 4 decimal places.)

Question 1 (12 marks)
This equation has a solution somewhere betweend%ax’ - 2+ 7x = 15

(i) Show your understanding the bisection searcdegss by completing the following: (5 marks)

Write your root finding function heréx) = XC-2C+T7x-15 or 3C+2-7x+15
f(XLow) = _—25 / 25 f(XH|GH) = 45 [ -45
Step XLow XHicH XRroot f(XrooT) Emax
1 -1 4 1.5 -5.625/5.625 25
2 1.5 4 2.75 9.9219/-9.9219 1.25
3 15 2.75 2.125 0.4395/-0.439% 0.625

Show your work here.

15 numbers required; 1/3 of a mark for each comaantber. Each time,Rooris (XLow+Xuicn)/2; the new
Xroot replaces either pow or Xyicn, Whichever function value has the same siginaxBs the absolute value
of the difference betweeng¥orand either Xow or XuicH (Or use the formula).

Deduct one mark if work is not shown.
If a student makes a calculation error in one valug that mistake leads to an error in anotherev@uvalues),

and their work is shown, they should receive criatithe other value (or values), as long as theyew
calculated correctly.



(ii) How many TOTAL guesses would it take to redigx to less than 1e-4 (i.e. 1x3® (3 marks)
Rearranging the given formula fofkx gives the formula forotal number of steps as log2(%/Evax). The
original interval widthAx® is 4-(-1)=5. The desiredyzx is 1e-4. Thus it will take logb/1e-4) = log(5/1e-
4)/log(2) = 15.6096. We round up to 16 total step

Alternatively, we can calculate the number of addil steps using: la¢0.625/1e-4) = log(0.625/1e-4)/log(2)
= 12.6096. And we round up to 13 more steps, {iles taken for a total of 16. (We start witk’ = 0.625 as
that is the width of the interval on the first atlzhal step.)

(2 mark for formula, 1 mark for calculations, 1 éor final answer.)

(iii) If, instead of a bisection search, we useeasit search starting wivalues of 0 and 3, what would be
your first guess for the root? (2 marks)

Formula is: %1 = % - () (Xi-1-x)/(f(Xi-1)-f(Xi)), so we get x= 0 — f(0)(0-1)/(f(0)-f(1)) = 0 —(-15)(-1)/(-159)
=-15/(-6) = 2.5
(2 mark for formula, 1 mark for calculations.)

(iv) If, instead of a bisection search, we use atda-Raphson search starting withxamalue of 3, what would
be your first guess for the root? (2 marks)

Formula is: 1 = % - f(x;)/f'(xi), and f'(x) = 3%-4x+7 (or -3%+4x-7) so we getx= 1 — f(1)/f(1) = 1 — (-9)/6 =
1+1.4=25

(2 mark for formula, 1 mark for calculations. DetlQ.5 if derivative is incorrect.)

Question 2 (12 Marks)

The functionf(x) = x*-3x*+7 has a minimum somewhere between 0 and 4.

() llustrate your understanding of the goldentsetsearch technique by completing the followir{§:marks)

f(x) = 7 f(g) =__ 23
Step XL Xo X1 Xu f(Xz) f(Xl) Emax
1 0 1.5279 24721 4 3.5634 3.7735 2
2 0 0.9443 1.5279 2.4721 5.1669 3.5634 1.2361
3 0.9443 XXXXX XXXXXX 2.4721 XXXXX XXXXXX 0.7639

Show your work here.

17 numbers required. % a mark each, with an &ktfar getting the final gax correct. Each time we apply
the formulae:

X2 = Xy-d ; X=X +d ; d = ¢ - D)(Xu-X1); ¢ = 1.6180 ; ax = AX° (¢ - 1)VY2

and replace either Xwith X; or Xy with X;, leaving the value with the smallest f(x) valughe middle.

Deduct one mark if work is not shown.
If a student makes a calculation error in one valug that mistake leads to an error in anotherev@uvalues),

and their work is shown, they should receive criatithe other value (or values), as long as theyew
calculated correctly.



(ii) At this point,how do we get the best estimate for the minimum? wWhdt is your best estimate for the
minimum value of the function? (3 marks)

We choose Xoot as the midpoint of Xand X, = (0.9433+2.4721)/2 = 1.7077 (2 marks: 1 mark for
formula/explanation, and 1 mark for calculation)

f(1.7077) = 3.2313. Thux2313is our best estimate. (1 mark)
Question 3 (14 Marks)

() Imagine that we know that somewhere betwegeand xj, a function is equal to "value". Write a Matlab
function m-file called fvalue that allows us todithe exact x value where this occurs. Your fuorctakes as
inputs: the function of one variable (f), the valualue), x (xL), and »x; (xH), and it returns x (the location
between x and x4 where f(x)=value). If the maximum of the functibatween x and ¥, is less than value, or
if the minimum of the function between &nd x,; is more than value, have your function return mare
(instead of calculating x). Comments are requicedull marks. (11 marks)

function [x] = fvalue(f, value, xL, xH)

%FVALUE Returns the x between xL and xH where f@gkie
% Inputs:

% f: function of one variable

% value: the value of the function

% xL: low range of x

% xH: high range of x

% Output:

% x: the value of x between xL and xH where#@gdlue

% check to see if value is more than max or leas thin of function in this range
negF = @(x) —f(x); % negative of the function soeaa find the max using fminbnd
if value>f(fminbnd(negF,xL,xH)) || value<f(fminbrigkL,xH))

error(‘'The function is not equal to value bedw xL and xH")
end

% calculate x

g = @(x) f(x)-value; % root finding function
x = fzero(g,[xL xH]); % root

end

1 mark for first and last lines; 1 mark for secdiné (all caps not required for FVALUE); 2 marks fo
inputs/outputs in comment header; 1 mark for negife can be anything); 4 marks for if statemeifioi(3
correct conditions, 1 for error sentence; dedugt@arks if student has "return” or "else" afteoeyrl mark for
root finding function (hame can be anything); 1fimero and correctly setting x

(ii) The sin function is equal to 0.5 somewherenssn 0 and 1 radians. Use your function from @ato
calculate exactly where and output the resultde@mal places usinfgrintf. (3 marks)

fprintf(‘'The x between 0 and 1 radians that make&$=0.5 is x=%.2f.\n',fvalue(@sin,0.5,0,1))
(2 mark: fprintf format; 2 marks: calling fvaluercectly, including 1 mark for @sin; no deductiom @oing
this in two steps: e.g. x = fvalue(...); fprintf('.x),)



Question 4 (12 marks)

I swam 1km in a 25m pool (i.e. 40 lengths). Sorne lengths were backstroke and the rest weestyke. If
I swamthreetimes more lengths of freestyle than | did of baakse, how many lengths of each stroke did |
do?

We can write this as a system of two equationsvunknownslk = number of lengths backstroke &ndé
number of lengths freestyle):

bk + fr = 40 (number of lengths)
3bk-fr=0 (three times as many lengths fréesty backstroke)

(i) Use Gaussian elimination with partial pivoti(@5 marks) to reduce the system of equations to upper
triangular form. You must follow the process ekaas taught in class for full marks. In additigou must
explain each step anshow your work. Write all answers to four decimal gac Do not use fractions!
Use the grids provided (you may not need all ofrthe

Original Equations:

1 40

3 -1 0

Pivot rows 1 and 2 (2 marks: 1 for explanationpridoing it)

3 -1 0

1 1 40

Multiply row 1 by -0.3333 (-1 0.3333 0) and addow 2 (2.5 marks: 1 for explanation, 1.5 formdpit):

3 -1 0

0 1.3333 40

(Last grid not needed)

(i) Continue from your last grid in part (i) androplete the Gauss-Jordan technique (5 marks) ve soé
system of equations. Again, you must follow thegesss exactly as taught in class for full marksaddition,
you mustexplain each step anshow your work. Write all answers to four decimal gac Do not use
fractions! Note that your final answers shouldridegers. Due to round-off errors you may findt thaur
answers are slightly off. If your answers are eltasintegers, go with the integers. Use the gridsided (you
may not need all of them).

Starting point (from above — it's not requiredepeat this grid)

3 -1 0

0 1.3333 40




Multiply row 2 by 0.75 (0 1 30) and add taw1 (2 marks: 1 for explanation; 1 for doing it)

3 0 30

0 1.3333 40

Normalize (i.e. divide row 1 by 3 and row 2 by 1333 (2 marks: 1 for explanation; 1 for doing it)

1 0 10

0 1 30.0008->30

(Note: 30.0008 rounded to 30)
(Last grid not needed)

Write your solution here(1 mark)

Number of lengths of backstrokel€

Number of lengths of freestyle39

(i) Take your final grid from part (i) and useddasubstitution to solve this system of equatidhs (harks).
Show your work. Again, the answers should be imtggso correct any answers that are slightly off.

from 2" row: fr = 40/1.3333 = 30.0008 round to 30 (1 mark)
from 1% row: bk = (0+1(30))/3 = 30/3 = 10 (1.5 marks)

Write your solution here:

Number of lengths of backstrokelf

Number of lengths of freestyle39

Subtract 1 mark if work is not shown. Subtractdrknf student used fractions.

If the final grid is incorrect, but the calculat®here are correct, the student should receiverfaitks.

If a student makes a calculation error in one valug that mistake leads to an error in anotherev@uvalues),

and their work is shown, they should receive criatithe other value (or values), as long as theyew
calculated correctly.

For ease of marking, if a student omits the pivgp(@d marks deduction), the grids would look asoiwk:
1 1 40 (multiply®trow by -3: -3 -3 -120 and add to row 2)
0 -4 -120



1 0 10 (multiply™ row by .25: 0 -1 -30 and add to row 1)
0 -4 -120

1 0 10 (normalize: divide row 2 by -4)

0O 1 30

Formula Sheet Excer pt:

Root Finding:
f - X (X)X, —X f(x
X = X, — CTDICTRRD) %o =% — () (%1~ %) X =% — '(>q)
FOG)— (%) F (%) — (%) (%)
0 0 0
B =ALN N =log, AX” _ 1og(AX™/ Eyax)
2 Evax log2
N = estimate number (first is estimate 1), estinNabevolvesN-1 function evaluations/wall movements
Golden Section:
X, =Xy —d, X;=X_ +d, d=(¢-D(X, - X))
0f,h_1\N-1
¢=¥ = 16180339887 E, . =%

max error assumes midpoint of interval chosen as/anas above estimatd involvesN-1wall movements

Simultaneous Equations:
row = row — (element_below_ pivot/ pivo) * pivot_row

Matlab Reference Excerpt:

Commands
clc clear command window
clear delete all variables

clear varl var2 var3 ... delete selected variables

grid on adds a grid to the current graph

grid off removes grid from current graph

help command provide help on command (e.g. help clear)

help function provide help on function (e.g. helptsqr

format compact prevent blank lines in output

lookfor keyword looks for functions havirkgeywordin their initial comment
who list all variables

whos list all variables (with variable sizes)

name= @(@rgs) expression define an “anonymous” function

Miscellaneous
comments % this is a comment
long comments %({
Everything in here is a comment.
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The start and end markers must be on linebdmpselves.
%}
long lines Lines that are uncomfortably long maybbeken across.
multiple lines by ending all but the last linethva...
series of three dots.

creating vectors linspace (s, e, nh evenly spaced values frasro e
s:e fromstoein steps of 1
s:inc: e fromsin steps ofnc, last value not to exceed
[viv2v3vVv3..] vector containing sped values
ones (1, n) row vector of n ones
zeros (1, n) row vector of n zeroes

left division x\y can be thought of as being eqint to X' * y

Function m-files

function [outputs] = functionName inputList)

% functionNamecomment describing what function does

% comments describing how to use function (desonptf inputs, etc.)

end

% can have subfunctions (accessible only from witlaime file)

Functions

abs(x) absolute value of

cond(A) condition number of matrix

det(A) determinant of matrix

error('message’) aborts m-file execution with speciéedr message

exp(x) eto the power ok

eye(n) creates an by n identity matrix

figure (num) switch to working with specified figure

fminbnd(f, I, h) locates minimum of functiohbetweerl andh

fplot(f, range) plot functionf over intervakange. ranges a 2 element vector.

example: fplot (f, [0, 10]) sq®ot for line options.

fprintf(‘format’, v1, v2, v3...) outputs values usiagnat defined byformat'
format value fields: %f (fixed point), %e, %E igtific), %g (general), %d (integer)
width and precision control: %12.3f = use 8id®l places in a field 12 wide
format controls: \n (newline) \t (tab)

fzero(f, loc) returns a root of functioh
if loc is a 2 element vector, looks for a root betwkeefil) andloc(2): more efficient
otherwise looks for a root in the vicinity loic

input(‘prompt’) outputprompt returns a value obtained from the user

inv(A) returns the inverse of square matix

length(x) returns the length of row or column vecxor

linspace(begin, end, n) returns a vector containinggually spaced values running from
begintoend if nis omitted 100 values are generated

log(x) natural logarithm (log bas® of x

0g10(x) common logarithm (log base 10)f

max(sl, s2) returns the maximum & ands2 (sl, ands2 scalars)
max(v) returns the maximum value in vector
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use fnaxVal maxPo$= max (V) to get both max value and its position
min(...) analogous teax

ones(r, C) creates abyc matrix of ones
ones(size) creates a matrix of ones with the dimensemmained in 2 element vectsize
plot(x, y, opt) ploty values against valuesx arey are vectors of the same length

opt is optionalr' = red, 'b' = blue, 'k’ = black, 'g' = green,

'X' = crosses, '0' = circles, '-' = solid lines'dotted, '--' = dashed, "-." = dash dot
polyval(p, x) evaluates the polynomial defined by vegtéor valuex.

ik is a matrix the result will be a matrix of the sasize.
polyder(p)  produces a polynomial that is the derivativéhef polynomial defined by vectpr
polyint(p) produces a polynomial that is the integfahe polynomial defined by vectpr
(with the constant of integration assumed to be)zer

roots(p) returns a column vector containing all of thets of the polynomial defined by
vectorp

sign(x) returns 1 ifx is positive, 0 ifx is zero, and -1 i is negative

size(x) returns a 2 element row vector containingdimensions ok (# rows, # cols)
use [rows cols] = sign(x) to get dimensions isgparate variables

sqri(x) returns the square rootf

sum(v) sums up all of the elements of veotor

title('title") adds a title to the current figure

xlabel('label’) adds a label to thxeaxis of the current figure

ylabel('label') adds a label to tlyeaxis of the current figure

zerog(r,c) creates a by c matrix of zeroes

zeros(size)  creates a matrix of zeros with the dimersmntained in 2 element vecgize

Trigonometric functions (input in radians): sin(a), cos(a), tan(a), cot(a), sec(a), csc(a)
Inverses (output in radians): asin(x), acos(x), atan(x), atan2(x, y), acot(xgcds), acsc(x)



