MAT 1322, MIDTERM 1, VERSION A

1. [2 points, 7.2 #19] Use Euler’s method with step size 0.2 to estimate y(0.4),
where y is the solution of the initial value problem y’= 2x+y , y(0) =1.

A.12 B.146 C.156 D. 148 E.1.52 F.1.44

Solution: We are given h = 0.2, zg = 0, yo = 1, and F(z,y) = 2z +y. We
then have

y1 = Yo+ hF(xo,y0) =1+02(0+1)=1.2~y(0.2)
Y 1+ hE (1, y1) = 1.2 4 0.2(0.4 + 1.2) = 1.52 ~ y(0.4).

2. [2 points, 7.3 #9] Find y(2) if y is the solution of the initial value problem
W= xy? +2,y(0) =0
A. -2.185 B. 2.321 C. 2 D. 4 E. 6 F. -6.80

Solution: Writing the separable equation %: xy? + z in differential form and
integrating both sides, we have

2 2
(Y +1)dy = zdr < /(y2+1)dy = /xdx < arctan(y) = %—i—C < y = tan (g + C)

Since y(0) = 0, we have C = 0. Therefore y = tan (%2)7 so y(2) = tan2 =
—2.185.

3. [2 points, 7.4 #19] Find P(In2) if ‘fi—f: 2P - 6 and P(0)=4

A.7 B. C.5 D.3n(2) E.2m2+6 F.1

Solution: Writing the separable equation % = 2P — 6 in differential form
and integrating both sides, we have

P P 2P — 6|
e [ [ MR

Since P(0) = 4, we get C' = 22. Hence In|2P — 6| = 2t +In2 so [2P — 6| =
eHHIn2 = 262t = |P — 3| = . Then |P(In2) — 3| = ¢21"2 = 4 and since P > 0,
we obtain P(In2) =17.

4. [2 points, 8.2 #15] Determine whether the series is convergent or divergent.
If it is convergent, find its sum.
Z;’:;l 6n+1 7-n

Aoco B. C7 D6 E.36 F.2551



Solution: We have

e’} [e'e] 6 n 6 6 2 6 3
grtir— = 6-(=) =6-=+6-(= 6-( =
Sorrr=Ye(7) <o 2o (2) vo(3) 4

This series is a geometric series with first term a = 28 and common ratio r =

7
Since |r| < 1, the series converges and we have
0o n 36
6 29
S 6. <7> - =T
n=1 -r 7
5. [2 points, 8.4 #11,21,23] Which series among three series below are conver-
gent?
(1) Xoey 2" 0™t (2) 2oy (D) (3) Yoy n7H!

A.all B.only (1) C.only(2) D.(1)and (2) E.(2)and (3) F.(1)
and (3)

6
=

Solution:
(1) The series Y7 | 2"n~* diverges. Indeed, let a, = 2;. Then

gn+1
4
. An+1 . DE . n+1
L= lim || = lim (n;_n) = lim 2% =2
n—oo Qnp n—00 ey n— oo n

Since L > 1, the series diverges by the Ratio Test.

n41
(2) The alternating series » -, %
n, then we have:

1

I for all

converges. Indeed, if b, =

1 1
< — =b,, foralln, and lim b, = lim — = 0.

b =
ntl vn+1 \/ﬁ n— 00 n—00 Vﬁi

Therefore the series converges by the Alternating Series Test.
(3) The series > oo, n~ ! converges. Indeed, this series is the p-series Y
with p = 1.1. Since p = 1.1 > 1, this series converges.

[e'S) 1
n=1 np

6. [2 points, 8.5 #6,10,17] Find the radius of the convergence R of the following
power series.

(1) 30, n?( 2z — 1)/ 3"
A.occ Bl C3 D.3/2 E2/3 F1/2

Solution: The series

1?2z — 1) o= n?2n n\"
ot S,

n=1 n=1
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By applying the Ratio test, the series converges if

1 3
<l&e|lr—=| <=

lim | An+1

n—oo

It then follows that the radius of convergence is %

7. [3 points, 7.5 #3.8] Some fish population P(t) in a lake can be modelled by

the logistic equation. The maximal population

for the fish of this species in that lake is 4000. The lake was stocked with 500

fish of this species and this number doubled in 6 months

Knowing that the solution of the logistic equation has a form: P(t)= K/(1+A

e k)
a) Find the constants K and A.
b) Find the constant k using a year as a unit of time .

¢) Find the estimated fish population in the lake after two years rounded to the

closest integer.
(Provide a detailed solution and draw a box around the final answers.)

Solution:
a)K is the carrying capacity, so K = 4000. Since P(0) = 500, we have

4000
500 = T4 SA=T.

b) We know that

1 4000 3 3
P (> = 1000 & —— = 1000 & et ="ok=—2 <> =1.694
2 1+7Te 3 7 7

¢)The fish population in the lake after two years will be

4000
< =~ 3235

P2)= —
@) = 57w



MAT 1322, MIDTERM 1, VERSION B

1. [2 points, 7.2 #19] Use Euler’s method with step size 0.2 to estimate y(0.4),
where y is the solution of the initial value problem y’= 3x+y , y(0) =L1.

A.12 B.146 C.1.56 D. 148 E. 152 F.1.44

Solution: We are given h = 0.2, g = 0, yo = 1, and F(z,y) = 3z +y. We
then have

1 = Yo+ hF(xo,y0) =1+02(0+1)=1.2~y(0.2)
Y 1+ hE(21,51) = 1.2 4 0.2(0.6 + 1.2) = 1.56 ~ y(0.4).

2. [2 points, 7.3 #9] Find y(4) if y is the solution of the initial value problem
E=xy" +2,y0)=0
A.-2.185 B. 2.321 C. 2 D. 4 E. 6 F. -6.80

Solution: Writing the separable equation Z—z: xy? + z in differential form and
integrating both sides, we have

2 2
(y*+1)dy = zdz < /(y2+1)dy = /J:dx < arctan(y) = %—i—C < y = tan <2 + C)

Since y(0) = 0, we have C' = 0. Therefore y = tan (%), soy(4) = tan8 = —6.80

3. [2 points, 7.4 #19] Find P(In2) if 2= 2P - 8 and P(0)=5
A7 B.9 C.8 D.3n(2) E.3n2+6 F.1

Solution: Writing the separable equation % = 2P — 8 in differential form and
integrating both sides, we have

P P n|2P — 8|
2P —8 ©/2P78 / T +C

Since P(0) = 5, we get C' = 22, Hence In|[2P — 8| = 2t + In2 so [2P — 8| =
e#HIn2 — 262t — |P — 4| = €%, Then |P(In2) — 4| = ¢2!"2 = 4 and since P > 0,
we obtain P(In2) = 8.

4. [2 points, 8.2 #15] Determine whether the series is convergent or divergent.

If it is convergent, find its sum.
ZOC L 8n+1 9—n
n—=

Aoco B. 64 C.1 D8 E.9 F.2551



Solution: We have
0o [e%s) 8 n ] 8 2 ] 3
g™ =N "8. (- ) =8-—+8- (-~ 8- (=
2 2 <9) 9" <9) " <9) "

This series is a geometric series with first term a = % and common ratio r =

9
Since |r| < 1, the series converges and we have
0o n 64
8 2%
Y s () =2 =9 —6
= 9 1—r 5
5. [2 points, 8.4 #11,21,23] Which series among three series below are conver-
gent?
(1) X2y 2" 07t (2) 2oy (D)™ (3) Xy n™H!

A.(1) and (2) B. (2) and (3) C.only (2) D.all E.only (1) F.(1)
and (3)

8
5

Solution:
(1) The series >_.° , 2"n~* diverges. Indeed, let a,, = ETZ Then

gn+1
4
. An+1 . DE . n+1
L= lim || = lim (n;_n) = lim 2% =2
n—oo Qnp n—00 ey n— oo n

Since L > 1, the series diverges by the Ratio Test.

(-

(2) The alternating series » -, — /= converges. Indeed, if b, = =

I for all

n, then we have:
b ! < ! by, for all d lim b li ! 0
= — = by, for alln, and lim b, = lim — =0.
n+1 \/m = \/ﬁ n oo n nsoo \/ﬁ
Therefore the series converges by the Alternating Series Test.
(3) The series > oo, n~ ! converges. Indeed, this series is the p-series Y
with p = 1.1. Since p = 1.1 > 1, this series converges.

[e'S) 1
n=1 np

6. [2 points, 8.5 #6,10,17] Find the radius of the convergence R of the following
power series.

(1) 0%, n?( 2z — 1)/ 5"
A.cc B.5/2 C3 D.1 E2/5 F1/2

Solution: The series

1?2z — 1) o= n?2n n\"
ot S,

n=1 n=1




n+1 n+1 n
. An+1 . 2 2 1 1 5 1
1 =] 1. = . - ()
d 1= e (3) - (e3) (5 G-
2 1\ (n+ 1) 2 1
= Jm g (eg) T =12 (e )

By applying the Ratio test, the series converges if

1 5
<l&e|lr—=| <=

lim | An+1

n—oo

It then follows that the radius of convergence is g

7. [3 points, 7.5 #3.8] Some fish population P(t) in a lake can be modelled by
the logistic equation. The maximal population

for the fish of this species in that lake is 6000. The lake was stocked with 500
fish of this species and this number doubled in 6 months

Knowing that the solution of the logistic equation has a form: P(t)= K/(1+A
e k)

a) Find the constants K and A.

b) Find the constant k using a year as a unit of time .

¢) Find the estimated fish population in the lake after two years rounded to the
closest integer.

(Provide a detailed solution and draw a box around the final answers.)
Solution:

a)K is the carrying capacity, so K = 6000. Since P(0) = 500, we have

6000
=—— o A=11.
500 114 &

b) We know that
1 6000 5 5

P(2)=1000 ———— =1000 ¢ > = — < k=—2In( — | = 1.576
2 14+ 1le =2 11 11

¢)The fish population in the lake after two years will be

6000

P(2) = 1+ 1le—3152

=~ 4080



