
MAT368H5S Term Test Solutions

1. [5 marks] Use polar coordinates to evaluate∫ ln 2

0

∫ √(ln 2)2−y2

0

exp (
√
x2 + y2)dxdy.

Solution. We first sketch the region D of integration determined by the limits of the iterated integrals.

∫ ln 2

0

∫ √(ln 2)2−y2

0

exp (
√
x2 + y2) dxdy =

x

D

exp (
√
x2 + y2) dA =

∫ π/2

0

∫ ln 2

0

err drdθ

=

(∫ π/2

0

dθ

)(∫ ln 2

0

r︸︷︷︸
u

er dr︸︷︷︸
dv

)
=
π

2

(
rer
∣∣∣∣ln 2

0

−
∫ ln 2

0

er dr

)
=
π

2

(
2 ln 2− er

∣∣∣∣ln 2

0

)
=
π

2
(2 ln 2− 1).
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2. [5 marks] Evaluate the following integral∫ 360

0

∫ 6

√
y/10

sin (x2)

x
dxdy.

Solution. We need to change the order of integration. We first sketch the regionD of integration determined
by the limits of the iterated integrals.

∫ 360

0

∫ 6

√
y/10

sin(x2)

x
dxdy =

x

D

sin(x2)

x
dA =

∫ 6

0

∫ 10x2

0

sin(x2)

x
dydx =

∫ 6

0

sin(x2)

x
y

∣∣∣∣y=10x2

y=0

dx

=

∫ 6

0

10x sin(x2) dx︸ ︷︷ ︸
u=x2

= −5 cosu
∣∣∣∣36
0

= 5(1− cos 36).
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3. [5 marks] Use the transformation u = x+ y, v = x− y to evaluate
s
R
(x+ y) sin (x− y)dxdy, where

R is the parallelogram bounded by the lines y = x, y = x− 8, y = −x, and y = −x+ 10.
Solution. By finding the points of intersection for the lines determining R we conclude that the vertices of
R are (0, 0), (4,−4), (9, 1), (5, 5). We are given that (u, v) = T−1(x, y) = (x+ y, x− y). Since T−1 is
linear we can conclude that S = T−1(R) is a polygon with vertices

T−1(0, 0) = (0, 0) T−1(4,−4) = (0, 8)

T−1(9, 1) = (10, 8) T−1(5, 5) = (10, 0).

To make the change of variables we also need to compute the Jacobian:

∂(u, v)

∂(x, y)
= det

[
1 1
1 −1

]
= −2⇒ ∂(x, y)

∂(u, v)
=

(
∂(u, v)

∂(x, y)

)−1
= −1

2
.

Alternatively, one can solve for x, y in terms of u, v and compute the Jacobian in the usual way.

x

R

(x+ y) sin (x− y) dA =
x

S

u sin v

∣∣∣∣−1

2

∣∣∣∣ dA =

∫ 8

0

∫ 10

0

1

2
u sin v dudv

=
1

2

(∫ 8

0

sin v dv

)(∫ 10

0

u du

)
= 25(1− cos 8)

2

3



MAT368H5S Term Test Solutions

4. [5 marks] Reverse the order of integration in the following integral∫ 1

0

∫ z

0

∫ z

0

f(x, y, z)dxdydz.

Solution. We first sketch the solidE, corresponding to the limits of integration, together with its projections
onto the yz and xy planes. Note that L is the line of intersection between the planes z = x and z = y, and
L′ is its projection onto the xy plane.

∫ 1

0

∫ z

0

∫ z

0

f(x, y, z) dxdydz

=
y

E

f(x, y, z) dV =
x

D1

(∫ 1

x

f(x, y, z) dz

)
dA+

x

D2

(∫ 1

y

f(x, y, z) dz

)
dA

=

∫ 1

0

∫ x

0

∫ 1

x

f(x, y, z) dzdydx+

∫ 1

0

∫ 1

x

∫ 1

y

f(x, y, z) dzdydx.
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5. [5 marks] Use cylindrical coordinates to evaluate
t

E
ydV , where E is the solid enclosed by the planes

z = 0, z = y + 3 and by the cylinders x2 + y2 = 1, x2 + y2 = 4.
Solution.

y

E

ydV =

∫ 2π

0

∫ 2

1

∫ 3+r sin θ

0

(r sin θ)r dzdrdθ =

∫ 2π

0

∫ 2

1

r2 sin θ

(
z

∣∣∣∣z=3+r sin θ

z=0

)
drdθ

=

∫ 2π

0

∫ 2

1

(
3r2 sin θ + r3 sin2 θ

)
drdθ

= 3

(∫ 2π

0

sin θ dθ︸ ︷︷ ︸
=0

)(∫ 2

1

r2 dr

)
+

(∫ 2π

0

sin2 θ dθ

)(∫ 2

1

r3 dr

)

=

(∫ 2π

0

1− cos 2θ

2
dθ

)(
r4

4

∣∣∣∣2
1

)
=

15

4

(
θ

2
− sin 2θ

4

) ∣∣∣∣2π
0

=
15π

4
.

2

5



MAT368H5S Term Test Solutions

6. [5 marks] Use spherical coordinates to evaluate
t

E
xyzdV , where E lies between the spheres

x2 + y2 + z2 = 1, x2 + y2 + z2 = 4 and below the cone z = −
√
x2 + y2.

Solution.

y

E

xyzdV =

∫ π

3π/4

∫ 2π

0

∫ 2

1

(ρ sinφ cos θ)(ρ sinφ sin θ)(ρ cosφ)ρ2 sinφ dρdθdφ

=

(∫ π

3π/4

sin3 φ cosφ dφ︸ ︷︷ ︸
u=sinφ

)(∫ 2π

0

cos θ sin θ︸ ︷︷ ︸
=(sin 2θ)/2

dθ

)(∫ 2

1

ρ5 dρ

)

=

(
−u

4

4

∣∣∣∣0
−
√
2/2

)(
−cos 2θ

4

∣∣∣∣2π
0︸ ︷︷ ︸

=0

)(
ρ6

6

∣∣∣∣2
1

)
= 0.
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