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1. Consider the system of linear equations

x1 + 2x2 + x3 + 2x4 + x5 = 2

2x1 + x2 + 3x3 + 5x4 + 5x5 = 7

3x1 + 6x2 + 4x3 + 9x4 + 10x5 = 11

x1 + 2x2 + 4x3 + 3x4 + 6x5 = 9.

Find all solutions to the system and express your answer in parametric form.


1 2 1 2 1 2
2 1 3 5 5 7
3 6 4 9 10 11
1 2 4 3 6 9

 R2=R2−2R1−→


1 2 1 2 1 2
0 −3 1 1 3 3
3 6 4 9 10 11
1 2 4 3 6 9


R3=R3−3R1−→


1 2 1 2 1 2
0 −3 1 1 3 3
0 0 1 3 7 5
1 2 4 3 6 9

 R4=R4−R1−→


1 2 1 2 1 2
0 −3 1 1 3 3
0 0 1 3 7 5
0 0 3 1 5 7


R4=R4−3R3−→


1 2 1 2 1 2
0 −3 1 1 3 3
0 0 1 3 7 5
0 0 0 −8 −16 −8

 R4=−1/8R4−→


1 2 1 2 1 2
0 −3 1 1 3 3
0 0 1 3 7 5
0 0 0 1 2 1


R2=−1/3R2−→


1 2 1 2 1 2
0 1 −1/3 −1/3 −1 −1
0 0 1 3 7 5
0 0 0 1 2 1


Since we have four leading ones and five variables, we will have one parameter. Let

x5 = t, where t is any real number. The fourth row implies that

x4 + 2x5 = 1⇒ x4 = 1− 2t.

The third row implies that

x3 + 3x4 + 7x5 = 5⇒ x3 + 3(1− 2t) + 7t = x3 + 3 + t = 5⇒ x3 = 2− t.

The second row implies that

x2 −
1

3
x3 −

1

3
x4 − x5 = −1⇒ x2 −

1

3
(2− t)− 1

3
(1− 2t)− t = x2 − 1 = −1⇒ x2 = 0.

The first row implies that

x1 + 2x2 + x3 + 2x4 + x5 = 2⇒ x1 + (2− t) + 2(1− 2t) + t = 2⇒ x1 = −2 + 4t.

Hence, the general solution is

x1 = 4t− 2, x2 = 0, x3 = 2− t, x4 = 1− 2t, x5 = t,

where t is any real number.
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2. Suppose that A is a 3× 3 matrix, AT + 5I3 is nonsingular (invertible) and

(AT + 5I3)
−1 =

1 3 0
0 −1 0
2 2 1

 .

Find A.

First, find

 1 3 0
0 −1 0
2 2 1

−1

using Gaussian elimination:

 1 3 0 1 0 0
0 −1 0 0 1 0
2 2 1 0 0 1

 R3=R3−2R1−→

 1 3 0 1 0 0
0 −1 0 0 1 0
0 −4 1 −2 0 1


R2=−R2−→

 1 3 0 1 0 0
0 1 0 0 −1 0
0 −4 1 −2 0 1

 R3=R3+4R2−→

 1 3 0 1 0 0
0 1 0 0 −1 0
0 0 1 −2 −4 1


R1=R1−3R2−→

 1 0 0 1 3 0
0 1 0 0 −1 0
0 0 1 −2 −4 1


Hence, we have

AT + 5

 1 0 0
0 1 0
0 0 1

 =

 1 3 0
0 −1 0
−2 −4 1


⇒AT =

 1 3 0
0 −1 0
−2 −4 1

−
 5 0 0

0 5 0
0 0 5

 =

 −4 3 0
0 −6 0
−2 −4 −4


⇒A =

 −4 3 0
0 −6 0
−2 −4 −4

T

=

 −4 0 −2
3 −6 −4
0 −4 −4


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3. Let A =

1 0 −2
0 4 3
0 0 1


(a) Find elementary matrices E1, E2 and E3 such that E3E2E1A = I3.

(b) Write A as a product of elementary matrices.

(a): Reduce A to I3: 1 0 −2
0 4 3
0 0 1

 R2=R2−3R1−→

 1 0 −2
0 4 0
0 0 1

 R2=1/4R2−→

 1 0 −2
0 1 0
0 0 1

 R1=R1+2R3−→

 1 0 0
0 1 0
0 0 1


Hence, E3E2E1A = I3, where

E1 =

 1 0 0
0 1 −3
0 0 1

 , E2 =

 1 0 0
0 1

4
0

0 0 1

 , E3 =

 1 0 2
0 1 0
0 0 1

 .

(b): From (a), we have that

A = (E3E2E1)
−1 = E−1

1 E−1
2 E−1

3 =

 1 0 0
0 1 3
0 0 1

 1 0 0
0 4 0
0 0 1

 1 0 −2
0 1 0
0 0 1

 .
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4. In each case below, determine whether W is a subspace of the vector space V . Justify
your answer.

(i) Let V = P2 be the vector space of all polynomials of degree less than or equal to 2.
Let W = {ax2 + bx + c | a2 = c}.

(ii) Let V = Mnn be the vector space of all n× n matrices.
Let W = {A ∈Mnn | AB = BA} where B ∈Mnn is fixed.

(i): W is not closed under addition: x2 + 1 ∈ W , but (x2 + 1) + (x2 + 1) = 2x2 + 2 /∈ W .
Therefore, W is not a subspace of V .

(ii): Fix any B ∈Mnn.

(0): Since InB = BIn = B, the identity In is an element of W , so W is non-empty.

(1): If A, A′ ∈ W then AB = BA and A′B = BA′, so

(A + A′)B = AB + A′B = BA + BA′ = B(A + A′).

Hence, A + A′ ∈ W .

(2): If A ∈ W , we have AB = BA. Then, for any c ∈ R,

(cA)B = c(AB) = c(BA) = B(cA),

so cA ∈ W .

This shows that W is a subspace of V .
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5. Let V = {A ∈M22 | A−1 exists}. Define the operation of vector addition in V by

A + B = AB−1

and let scalar multiplication in V be the usual scalar multiplication in M22. Show that
V is not a vector space by demonstrating with an example that one of the properties
in the definition of a vector space fails to hold.

Most properties of vector spaces fail to hold for this example. For example, V is not
closed under scalar multiplication: I2 is invertible and therefore an element of V , but

0 · I2 =

(
0 0
0 0

)
is not.

Another property which fails to hold is commutativity of “+”:

I2 +

(
2 0
0 1

)
= I2

(
2 0
0 1

)−1

=

(
1/2 0
0 1

)
,

while (
2 0
0 1

)
+ I2 =

(
2 0
0 1

)
I−1
2 =

(
2 0
0 1

)
.
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6. Suppose that W is a non-empty subset of a vector space V . Suppose that W satisfies
the following two conditions:

(i) For every u and v ∈ W , 2u− v ∈ W .

(ii) For every u ∈ W , and every real number c, cu ∈ W .

Prove that W is a subspace of V .

It is enough to show that W satisfies the conditions of the “Subspace Theorem”:

(0) W is non-empty.

(1) If u, v ∈ W then u + v ∈ W .

(2) If u ∈ W and c ∈ R then cu ∈ W .

We will show these hold.

(0) W was assumed to be non-empty.

(2) This follows from assumption (ii).

(1) Let u and v be any elements of W . By (ii), 1/2u ∈ W and −v ∈ W , so (i) implies that

2(
1

2
u)− (−v) ∈ W ⇒ u + v ∈ W.

Hence, W is a subspace of V .
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