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1. Consider the system of linear equations
Ty 4 209 + 23 + 224 + x5 = 2
2I1+ZL’2+3[E3+5[E4+5!L’5 =7
3x1 + 629 +4x3 + 924 + 1025 = 11
r1 + 2x9 + 423 + 314 4 625 = 9.

Find all solutions to the system and express your answer in parametric form.

1212 112 1 2 12 112
2135 5|7 Ry=R—2R, 0 -3 11 3|3
36 4 9 1011 3 6 4 9 10|11
1 243 619 1 2 43 619
1 2 1 2 1|2 1 2 1 2 1(2
Rs=R3—3R1 0O -3 11 3|3 Ri=Ra Ry 0 -3 11 3|3
0 0 1 3 7|5 0 0 1 3 7|5
1 2 4 3 619 0 0 3 1 5|7
1 2 1 2 1 2 1 2 1 2 1|2
Ri=R4—3R; | 0 =3 1 1 3 3 Ri=—1/8Rs | 0 =3 1 1 3|3
— —
0O 0 1 3 7 5 0O 0 1 3 7|5
0O 0 0 —8 —16|-8 0 0 01 2|1
1 2 1 2 1] 2
Ra=—1/3F; 01 -1/3 —-1/3 —1|-1
00 1 3 715

o

0 0 1 2 11

Since we have four leading ones and five variables, we will have one parameter. Let
x5 = t, where t is any real number. The fourth row implies that

Ty+ 205 =1=z24=1—2t.
The third row implies that
T3+ 3x4+Tr5=50=>x3+3(1-2t)+ Tt =23+3+t=5=a3=2—1.

The second row implies that

xg—%xg—%m—xg,——1:>x2—%(2—15)—%(1—2t)—t—:c2—1——1:>x2—0.
The first row implies that
T+ 20+ a3+ 20+ 5 =2=>01+2—-1)+2(1 -2t)+t=2= 1z, = -2+ 4t.
Hence, the general solution is
r1 =4 —2,20=0,23=2—t, x4 =1—2t, 25 =1,

where ¢ is any real number.
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2. Suppose that A is a 3 x 3 matrix, AT + 515 is nonsingular (invertible) and

1 3 0
(AT +5I;) =10 —1 0
2 2 1
Find A.
1 3 0\ "
First, find [ 0 —1 O using Gaussian elimination:
2 2 1
1 3 0|10 0 1 3 0l1 00
0 -1 00 1 0 |™E2 0o —10[0 10
2 2 110 0 1 0 -4 1]-2 0 1
1 01 0 o0 130/1 o0
e lg 1 0]0 —1 o | ™21 0[]0 -1
0 -4 1]-2 0 1 00 1|-2 —4
100/1 3 0
s L g 1 0] 0 -1
00 1]-2 —4 1
Hence, we have
100 1 3 0
AT4+s5{010]= 0 =10
00 1 —2 —4 1
1 3 0 50 0 —4 3 0
2AT= 0o -1 0]-(0o50]=[ 0 -6 0
—2 —4 1 005 —2 —4 —4
4 3 0\’ —4 0 -2
A= 0 -6 0 =1 3 —6 —4
2 —4 —4 0 —4 —4
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1 -2
3. Let A= {0 3
0 1

O = O

(a) Find elementary matrices E;, Ey and E3 such that EsFEyE A = I3.

(b) Write A as a product of elementary matrices.

(a): Reduce A to I3:

10 —2 10 —2 10 —2 100
04 3 |™EPm gy o |BEER 01 o |01 0
00 1 00 1 00 1 001
Hence, EsFEyFE1 A = I3, where
10 0 100 10 2
Ei=|01 =3 |,BE= 10 ],B5=(010
00 1 00 1 001
(b): From (a), we have that
100 100 10 —2
A= (EsEBE) ' =E'E;' By = 0 1 3 040 01 0
001 00 1 00 1

6 of 10



EXTRA PAGE FOR QUESTION 3 - do not remove.

7 of 10



4. In each case below, determine whether W is a subspace of the vector space V. Justify
your answer.

(i) Let V = P, be the vector space of all polynomials of degree less than or equal to 2.
Let W = {ax® + bz + ¢ | a* = c}.

(ii) Let V = M,,, be the vector space of all n x n matrices.
Let W ={A € M,,, | AB = BA} where B € M,,, is fixed.

(i): W is not closed under addition: 22 +1 € W, but (22 +1) + (2> +1) =222 +2 ¢ W.
Therefore, W is not a subspace of V.

(ii): Fix any B € M,,,.

(0): Since I,B = BI, = B, the identity I, is an element of W, so W is non-empty.
(1): If A, A" € W then AB = BA and A’'B = BA’, so

(A+ A)B=AB+ AB=BA+BA =B(A+ A).

Hence, A+ A" € W.
(2): If A€ W, we have AB = BA. Then, for any ¢ € R,

(cA)B = ¢(AB) = ¢(BA) = B(cA),
socAeW.

This shows that W is a subspace of V.
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5. Let V ={A € My, | A~ exists}. Define the operation of vector addition in V' by
A+B=AB""

and let scalar multiplication in V' be the usual scalar multiplication in Ms,. Show that
V' is not a vector space by demonstrating with an example that one of the properties
in the definition of a vector space fails to hold.

Most properties of vector spaces fail to hold for this example. For example, V is not
closed under scalar multiplication: I5 is invertible and therefore an element of V', but

0 0
Ub_(oo)
is not.

Another property which fails to hold is commutativity of “+47:

(3 0)-(30) (00
(32) (3 )= (32)

while
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6. Suppose that W is a non-empty subset of a vector space V. Suppose that W satisfies
the following two conditions:

(i) For every u and v € W, 2u —v € W.

(ii) For every u € W, and every real number ¢, cu € W.

Prove that W is a subspace of V.

It is enough to show that W satisfies the conditions of the “Subspace Theorem”:
(0) W is non-empty.
(1) If u,v € W thenu+v e W.
(2) If w e W and ¢ € R then cu € W.
We will show these hold.
(0) W was assumed to be non-empty.
(2) This follows from assumption (ii).

(1) Let w and v be any elements of W. By (ii), 1/2u € W and —v € W, so (i) implies that

1
2(§u)—(—v)€W:>u+v€W

Hence, W is a subspace of V.
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