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L. Let F(R) = {f | f:R — R} be the vector space of real-valued functions on R.
Define f,g,h € F(R) by

f(@) =sinz, g(z)=cosz, h(z)=sin(z + %), Vz € R.

/. a) Prove that {f, g} is linearly independent.
- b) Prove that {f,g,h} is linearly dependent.

4 c) Find the dimension of the subspace span{f,g,h}. (f 3 e b s onload +0
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2.Let T:V — W be a linear map and {vy,...,v,} a subset of V.

a) If {v1,...,v,} is linearly dependent in V, show that {T(v1),...,T(v,)} is
linearly dependent in W.

2 b)If{T(v1),...,T(v,)} is linearly independent in W, show that {v1,..., 00}
is linearly 1ndependent in V.
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1
3. Let A= ,:1

N
G O

] and define a linear transformation 7' : R? — R3 by
-1
T(v) = Av, =z cR3

";', a) Find a basis for ker 7.
(£ b) Find a basis for im T
7. ¢) Isim T a subspace of ker T'?
2 d) Is ker T a subspace of im 7'?
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4. Define a function f : R®* - R by f(z,y,2) =z +y + 2.

7, &) Prove that f is a linear form on R3.

1 b} Find a basis for ker f, the kernel of f.

3 ¢) Can you find a subspace V of R® such that ker f @ V = R37
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5. Let U= {p e Po(R) | p(1) = p(0) = 0}.

Ziz,a) Find a basis for U, and give the dimension of U.
7. b) Extend your basis of U in (a) to a basis of P2(R).

2 1¢) Can you find a subspace V of P,(R) such that U @ V = P2(R)?
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6. (Bonus) Let V be a finite dimensional vector space over the field C of complex
numbers. With the same addition, and multiplication by real scalars defined by

-
< kv=(k+0i) VEER,VoeV,

V becomes a vector space over the field R of real numbers. Prove that V is finite
dimensional over the field R, and that dimg V = 2 dimeg V.
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