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Unit 1

Lesson 1

1. a) Table of values:

N

1
6
(27 +4(2)+1=13
22
46
61
97
141

|| |W|IN | =[O ~
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Draw a smooth curve that passes through the ordered pairs
to get the graph:

220
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b) Average rate of change between 1 and 10 seconds:
f®) - f(a)

Average Rate of Change = A
-a

N(1) = 6 and N(10) = 141

The average rate of change of the number of insects between
1 and 10 seconds is the slope of the secant connecting A(1, 6)
and B(10, 141).

The average rate of change between 10 and 1:

N10)-NQ)
10-1

_141-6

T 10-1

135

T 9

= 15 insects/sec

c) Approximate the rate of change at ¢ = 5 by calculating the
slope of the secant between ¢ = 4.5 and ¢ = 5:
N(5) - N(4.5) 46 -39.25
5-45 05
=13.5

Note that your answer may be different if you choose a
different interval.

2. a) Table of values:

25.1
40.4
45.9
41.6
27.5
3.6
-30.1

N (O[T [ WIN | = O |~
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The point (7, —30.1) on the curve helps you sketch the curve
even though you do not plot the point. A negative height
makes no sense in the context of this question.

Height (m) 4
60 ¢+

50

40
30
20

10

Time (s)

b) The average velocity of the ball between ¢ = 0 and ¢ = 2:
h(2)-h0) 404-0
2-0 2
= 20.2 m/s

¢) To find when the ball hits the ground, solve for ¢ when the
height is 0. You can factor the equation:

—4.9¢ + 30t =—t(4.9t —30)=0

The ball hits the ground when 4.9¢ — 30 = 0,

t = 30 = 6.12 seconds

4.9

d) Find the slope of the secant between ¢ = 1.4 and ¢ = 1.5:

h(1.5) — h(1.4)  33.975 - 32.395

15-14 0.1

=15.79 m/s

The instantaneous rate of change at ¢ = 1.5 seconds is
approximately 15.79 m/s.
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Note that your answer may be different if you choose a
different interval.

3. T '
18:
16: /

T _& T T T _é T T T T T T T T T T 4I.
=2l

/ _12]
From the curve, you can approximate the coordinates of A to

be (2, 3.3). Choose a point, C(2.15, 4), on the curve close to A.

To find an approximation of the instantaneous rate at A,
calculate the slope of the secant AC:

4-33

——— = 4.67
215-2

The instantaneous rate of change at A is approximately 4.67.

Note that your answer may be different if you choose a
different interval.
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4.

a)

60
50

40
30

20

10

701
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Slope CD = 3.85
C: (4,00, 8.00)

-

b)

c)
d)

e)

d(6) - d(2) _ 0.5(6)" — 0.5(2)°

Average rate of change:
6-2 4

=4 m/s

Instantaneous rate of change at ¢t = 3 is 3 m/s.

Instantaneous rate of change at ¢t = 4 is 4 m/s.
The cyclist is going faster at 4 seconds.

As d moves along the curve to the right, the slope CD
increases. Therefore, the bike is going faster as the distance
from the stop sign increases.
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Lesson 2
5.

n sequence

1
2 _g
1

2
3 _15
2

3 4 _133
3

4 5 _195
4

5 6 _19
5

6 7-116
6

7
8 114
7

15 16 _ 106
15

The limiting value of the sequence is 1.

6.
n sequence
1

2 0.666667
10 0.526316
11 0.52381
12 0.521739
17 0.515152
18 0.514286
19 0.513514
20 0.512821
21 0.512195
25 0.510204
30 0.508475
100 0.502513

The limiting value of the sequence is 0.5.
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7.
8.

www.ilc.org

The

a)

b)

c)

lim

x—-1

d)

a)

x2—3x—4:1. @+Dx-4) . (x-4) -1-4

limiting value of the sequence is 4.
lim 3x* -4 =3(2)°-4=38

2 2

lim = = -2
=2x -3 2-3
2
Substitute x = -1 into % . You get the
x —_

indeterminate form 9 Since the numerator and the

denominator are both zero when x = —1, they should both
have an x + 1 factor that you can divide out:

2 1m = lim = é
x° -1 —=-1(x+1)x-1) =*=>-1(x—-1) -2 2

N4 —x -2

If you substitute 0 into , you get the

X
indeterminate form —. Since this limit involves a square

root, multiply and divide by the conjugate of V4 —x — 2,

which is v4 —x + 2.
(\/4—x—2)( 4—x+2)

. Nd—x -2 .

Iim— = lim

x—0 X x—0 x( 4_x+2)

—lim( 4_36)2_(2)2—lim d-x-4

T (Viox+2)  a(i-x+2)
. —-X . -1 -1

= lim = lim =

(Vi x+2) M(fix+2) 4

The slope of the secant is

f(35)—f(3) 3(3.5)" -2(35)+1-(3(3)° -23)+1)
35-3 0.5
_ 30.75 - 22

0.5
=17.5
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10.

b) The average rate of change between x = 3 and x = 3.5 is the
slope of the secant between x = 3 and x = 3.5, which is equal
to 17.5.

. fB+h)-fB3) .. 33+h)’-28+h)+1-22
lim = lim
h—0 h h—0 h
. 39+6h+h>)—6-—2h+1-22
= lim
h—0 h

. 27+18h+3h*-6-2h+1-22
= lim

h—0 h

3h® +16A

c)

= lim

= lim3h + 16
h—0

=16

d) The instantaneous rate of change of f{ix) at x = 3 is 16.

The instantaneous velocity is the instantaneous rate of
change of H(¢) at t = 1 second:

- H1+h) - HQ) —5(1+ h)? +50(1 +h) + 80 —125

li = lim
h—0 h h—0 h
_ i DA+ 2R+ h*) +50(1 + h) + 80 — 125
B hlil(} h

. -5—10h -5k + 50 + 50k + 80 — 125
= lim

h—0 h

. 40h — 5AK*
= lim——

h—0
= lim 40 — 5h

h—0
= 40

The instantaneous rate of change at ¢ = 1 second is 40 m/s.
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Lesson 3

11. a) The function is always increasing, therefore the
instantaneous rate of change is positive for all x.

b) The rate of change is zero at x = 1.

¢) In this case there are no local maximums or minimums, as
the function is continuously increasing.

12. a) Use The Geometer’s Sketchpad to get the graph of the
function Ax) = x° + 3x” — 24x + 3:

|||||

—

-

[an] [4)]
D

D

The function is increasing when x < -4 and x > 2.
The function is decreasing when -4 < x < 2.

There is a local maximum at x = -4 and a local minimum at
x = 2. This can be confirmed by finding the instantaneous
rate of change at each point.

f(-4+h)—f(-4) = (-4 + h)’ +3(-4 + h)’ - 24(-4 + h) + 3 — (-4)’
+ 3(-4)" - 24(-4) + 3)

= 48h — 12h°> + h® — 24h + 3h* — 24h

=h’ - 9n’
f(~4+h) - f(-4) K’ —9h*
h ok
=h>-9h

www.ilc.org Copyright © 2008 The Ontario Educational Communications Authority. All rights reserved.

suollsanp poddng 0} siamsuy pajsabbng



Suggested Answers to Support Questions Calculus and Vectors MCV4U-A

page 10

Unit 1

As h goes to 0, the limit of 2> — 9 is 0.

Since you can see from the graph that the function is
increasing when x < —4 and decreasing when x > —4, you can
conclude that x = —4 is a local maximum.

At x = 2:

2+ h)-f(2)
=(2+h)’+32+h)-242+h)+3-((2) + 32 - 24(2) + 3)
=8+ 12h +6h° + h’ +3(4 +4h + h®) — 48 —24h + 3 + 25
=9n* + 1’

f(2+h)-f(2) _ 9n* + K’

b)

h h
= 9h + K*

As h goes to 0, the limit of 94 + A”is 0.

Since you can see from the graph that the function is
decreasing when x < 2 and increasing when x > 2, you can
conclude that x = 2 is a local minimum.

Use The Geometer’s Sketchpad to get the graph of the
function flx) = x° — 3x” + 3x — 1:
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You can observe that the function is continuously increasing.
The steepness of the increase varies, but it is always
increasing.

The instantaneous rate of change at x = 1 is zero, but it is
neither a local minimum nor a local maximum.

www.ilc.org

Lesson 4
13. a)
’ 12+
f(x) = 2x? - 3x T+
10T
a=-2.99 81
fla) = 26.81 1
Slope BA = -14.95 .\6 1
44
l‘.-
2\--
-0 s PN s T e s
-2+
| +
_.4.-
\ 1
64
\.-
_B.-
|+
-10 +
It
X Slope of the tangent
-3 -15
-2 -11
-1 -7
0 -3
1
2
3
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b) 16

A: (3.00, 9.00)

B: (2.00, 5.00) 141

C: (1.00, 1.00)

D: (0.00, -3.00) 12

E: (- 1.00, =7.00)

F: (- 2.00, =11.00) 101 A

G: (- 3.00, ~15.00) N
® B
4]
2 4

C

-16 14 -12 -10 -8 -6 -4 -2 /2 4 6 8 10 12 14 16

Based on the graph, the derivative is a linear function.
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14. a) 207
18
16'_
14
104
G.
4
2
-20 +15 -10 -5 2" 5 10 15 20
S"
-8l
X ﬂ First Difference Second Difference | Third Difference
dx
-2 -29
-1 -1 -1-(-29) =28
0 3 3-(-1)=4 4-28=-24
4 0 24
2 35 28 24 24
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b) Pl

! 10..

(0 o]
———

N o )]
[ ———

10 | 15|

L

o

|

—

S

il
—
o

U‘I_.

& &

The third differences are equal, therefore the derivative
function is a polynomial of degree 3.

15. a) f(x+h)—f(x)=2(x+h)—2x

h h
_ 2x+ 2h — 2x
B h
=2
Ak AC N TP
h—0 h h—0
=2
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by [a+h)-f) (x+h)’-3x+h)+2-x>+3x—-2
h h
x> +2xh+h*-38x-3h+2-x>+3x—-2
h

_ 2xh+h® -3h

h
=2x+h-3

limf(x+ h}i— f(x)

h—0

= lim(2x + h — 3)
h—0
=2x -3

f(x+h)—f(x):\/x+h—\/;

h h
_Nxth-Jx Jxth+x
- h Jx + h ++x
- Wxt+h Vo) x+ h+ )
- h(x + h +x)
C((Wx+ ) - Wx)D)
 AWx+ o+ x)

_ (x+h-x)
hx + h +x)
h
C h(Wx+ b+ x)

1
_\/x+h+\/;

16. a)

f’(x) = lim

1
’HO\/x+h+\/;
B 1

ox
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1
b) f(x)—x_1
1 1
flx+h)—fx) x+h-1 x-1
h B h
x—1-(x+h-1)
_(x+h-1Dx-1
B h
x—-1-x-h+1
_(x+h-1)x-1)
B h
~h
_(x+h-1)x-1)
B h
_ ~h
Ch(x+h-Dx-1)
~ -1
C(x+h-Dx-1
. -1 -1
lim —
=0 (x+h-1)(x-1) ((x-1)(x-1)
-1
(x - 1)’
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Lesson 5

17. a) Use the power rule, y* = 456x*° " = 4561
b) The derivative of a constant is 0 so y” = 0.
¢) The constant multiple rule:

f(x) = =3(x")
= -3 X 2x

= —6x
d) Rewrite the expression so you can use the power rule:

1
y:%:x3

/= —x3 = —X =
Y73 3 T
e) Rewrite the expression so you can use the power rule:
y = v4x®
= 2Vx°
1
= 2(x*)2
3
= 2x2
3 4
"=2—x?
YT
1
= 3x?

18. a) h'(x) = 15x"* — 12x°
b) 3y =3x15x""-3
=45x"° -3
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19. The slope of the tangent to the curve at x = a is the value of
the derivative at a.
a) y =3x" -4«
To find the slope, substitute x = 2 in the derivative.
The slope is 3(2)* — 4(2) = 4.
b) Ax) = (3x)* - 5x = 9x” — Bx
[(x) =18x - 5
To find the slope, substitute x = 0 in the derivative.
The slope is f7(0) = -5
20. a) ¥ =(x" - 3x)(4x’ —12x%) + (2x — 3)(x* — 4x° — 5)
b) h'(x) = (x* —4x° + x)12x° — 20x° + 16x — 1) +
(4x° —12x% + 1)(2x° — 5x* + 8x® — x)
c) y=(\/_—x2 +x)x® — 2x° + x)
= (xé —x” + x2)(x® - 2x" + x)

’ % 2 2 1 %’1 3 2
y =(x* —x" + x)(3x —4x+1)+(§x —2x +1)(x” — 2x" + x)

1 1
= (x?2 —x2+x)(3x2—4x+1)+(%x 2 _2x + 1)(x® — 2x% + x)
£ —t+1

t2

= —t+1D&?)

d) A=

(@) =@ —t+1)(=2t7)+ B> =)&)
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21. a) y =4(x’-4x+1)G" - 4x+1)°
= 4(3x" — 4)(x° — 4x +1)°

1

b) fx) = x(x® + 2x)2

’

1 1
f(x) = x[(x?’ + Zx)z] + (x° + 2x)2 * product rule

1 1 1
= Ex(Sx2 +2)(x® +2x) 2 + (x® + 2x)?

You can simplify this to obtain:
x(3x% + 2) 3
[(x) = —F/————=+VJx" +2x
ox® + 2
22. a) The point on the curve is (0, 1).

y” = 4x” — 3, therefore the slope of the tangent is
4(0)° - 8 = -3.

To find the y-intercept, substitute the coordinates of (0, 1).

y=-3x+b
1=-3(0)+b
1=0

The equation of the tangent is y = -3x + 1.
b) The point on the curve is (1, 4).

y” = 12x" — 9x%, therefore the slope of the tangent is
12(1)° — 9(1)%, which is 3.

y=3x+b
4=31)+b
b=1

The equation of the tangent is y = 3x + 1.
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23. a) y =3x"-4x+2
Find the values of x where the derivative is 1.

3x> —4x+2=1
3x  —4x+1=0
Bx-1x-1)=0

leandx=1
3

Case 1

The y-coordinate when x = % is

3 2
o) A do2e3
3 3 3 27 9 3

1-6+18-27
27
__14
27
y=x+b
. . 1 14) .
Substitute the coordinates of (—,——j intoy =mx + b to
find the y-intercept. 3 27
_E — 1 +b
27 3
__2
27
. 23
The equation is y = x — —.
q y=x o7
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b)

www.ilc.org

Case 2

The y-coordinate when x = 1 is 0.

y=1lx+b
0=1+5b
b=-1

The equationis y = x — 1.

There are two tangents to y = x> — 2x¢” + 2x — 1 with a slope
equal to 1.

y = 20" + 4x

y =-4x + 4

Find the value of x when the slope equals 3:
—4x+4=3

—4x = -1

x ==
4

The y-coordinate is

2
—2(1) + 4(1] = 1 +1
4 4 8

_7
8
y=3x+b
z=§+b
8 4
=1
8

. : 1
The equation of the tangent is y = 3x + e
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