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1. Critical points

a) (4 marks) What does it mean to be a critical point for a differentiable
function f(z,y,2)? Determine the critical point(s) of the function

f(x,y, Z) =% — S(y - 2)2 - 5(Z - 1)2
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(6 marks) For each critical point in part (a), give Taylor’s polynomial
of degree 2 for the function f at the critical point (in both matrix and
expanded forms.)




¢) (6 marks) Classify the nature of each critical point obtained in part (a).
(Justify your answer.)




2. Differentiability and linear approximation

a) (17 marks) State the definition of differentiability for a function f(z,y)
at a point (a,b) in its domain. Use this definition to demonstrate that
the function f(z,y) = z|y| is differentiable at any point (a, b) with b > 0
and that it is not differentiable whenever b = 0,a > 0. Is the function
differentiable at (0,0)? Justify your answer. ..




b) (6 marks) With the function f(z,y) = z|y|, as in part (a), determine the
maximum value of 8, f(1,—1), for all unit vectors u.
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¢) (7 marks) For the function f as in (a) and (b), use the differential df (a; h)
with @ = (3,4) to approximate the value of £(2.9,4.2).




3. Lagrange’s method

a) (4 marks) Let f : R® — R and g : R — R" be differentiable. Use

d
Chain rule to express ;ﬁf(g(t)).

b) (6 marks) Let G : R® — R be differentiable at a point @ with VG # 0
at a. Suppose that f, as a function on the set S = {z : G(z) = 0} has a
local extreme at £ = a. Prove that Vf(a) = A\VG(a) for some real A.
(You may assume that for any direction vector u perpendicular to VG, there
is a curve g : [—1,1] — S C R™ with g(0) = a, ¢'(0) = u.)
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¢) (9 mark) Use the result of part (b) to determine all the points of the set
S = {(z,y) : z* + y* = 1}, at which the function 2z = f(z,y) = y* has

maximum or minimum values.
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4. The Mean Value Theorem

P
a) (4 marks) State the Mean Value T heorem for a differentiable lel'lCthl’l
f: 89— R, where Sis a convex subset of R™.
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c¢) (8 marks) Let f(z,y) = z* +%?% a = (0,0), and b = (1,2). Determine a
point ¢ that satisfies the conclusion of the MVT for the function f and
the points @ and b.




5. The Intermediate Value Theorem

a) (4 marks) State the Intermediate Value Theorem for a continuous func-
tion f: S — R where S C R" is a connected set.

b) (9 marks) Prove the IVT. In your proof you may use other theorems and
definitions in the textbook; in this case state clearly the definitions and
the theorems used in your proof.




¢) (12 marks) Explain why the unit circle {(z,y) : 2*+y? = 1} is a connected
set. Show that for any continuous function/defined on the unit circle there
must be a point (zg,yo) on the unit circle that satisfies
f(zo,90) = f(—2o, —%o).-
(Hint: apply IVT to the function g(z,y) = f(z,y) — f(—z, —y). Make sure to
include all the details and justifications needed.)
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