SOLUTIONS TO TEST ON MARCH 26, 2012.
MATH1310

(1) For each integer n > 1 a number A,, between 1 and 20,000 is drawn at random from a hat (and
returned to the hat for the next draw). What is lim,,_,. A, /7. 3 marks

Solution 1. Since 0 < A,,/n < 20,000/n it follows that lim,,_,+, 20,000/ = 20, 000 lim,, ., 1/n =
20,000 x 0 = 0.

(2) For each of the following series determine whether or not it converges and support your answer
by referring to a theorem about convergence:
oo

(a) Z(”+ 1)1 3 marks

n=1
Solution 2. Since 27 nY2 = Y°° (1/n)'/? is a p-series with p < 1 it follows that
Yo n~/? diverges. Using the limit comparison test and the fact that

. (n+1)71/2 . nl/? , n . 1
lim —%— = lim ——— =,/ lim =,/ lim =1
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it follows that > °°  (n + 1)~'/2 diverges.

(b) f: (_w:lﬂ 3 marks

Solution 3. Since In(n)/n > In(n+ 1)/(n+ 1) > 0, this is an alternating series and so it
converges. (To see that In(n)/n > In(n + 1)/(n + 1) it suffices to show that the derivative
of In(x)/x is negative for x > 3. But

d 1 —In(x)
and so the derivative is negative if x > e.)
2 5mZ—n+7
(C) nz::l m 3 marks

oo 2

Solution 4. Since Y > (1/n)? is a p-series with p > 1 it follows that Y 7  n? converges.
Using the limit comparison test and the fact that

, %—iﬂ; . bnP—n+7 o, .. bnt—nd4+T*  5—-1/n+7/n* 5
lim ———" = lim ————n° = lim = lim ==
n—oo  1/n? n—oo 1 + 3n2 + 4n? n—oo 1+ 3n2 + 4n? n—soo 1/nt4+3/m2+4 4
= n?—n+7
it follows that Z ———————— converges.
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(d) Zel/n 3 marks
n=1

Solution 5. Since
lim e!/m = elimn—el/n — 0 — 1 £

n—oo

it follows that Z et/™ diverges.

n=1



(3) Let {a,}2, be a sequence such that lim, . a, = L and 0 < L < 1.
(a) What can be said about the divergence or convergence of >~ a,? 3 marks

Solution 6. Since lim,,_,, a,, # 0 it follows that Zflo:l a, diverges.

(b) What can be said about the divergence or convergence of " >° | an? 3 marks

Solution 7. Since
lim {/|a?| = lim |a,|=|L| =L <1
n—oo

n—oo

it follows by the root test that "~  a” converges.
(c) If lim,, o In(a,) = L what can be said about lim,, . a,? 3 marks

Solution 8. Since In is continuous and one-to-one and e” is the inverse of In(z) it follows

that lim,, o a, = e”.

(4) Let the function F' be defined by

e 2n

F(m)=21.3.5....-<2n+1)

n=1

when the given series converges. For what values of x is I’ defined?

Solution 9. Using the ration test,

, AR 1-3-5-...-(2n+1)
lim =
nsoo1-3-5-...-(2n+1)-(2(n+1)+1) 20

$2n+2 1 ZL’2

im — lim =
n—oo 2n + 3 x2"  noco2n+3

and so F' is defined for all values of z.

Total marks: 34



