Section 1.1
· Augmented matrix: 
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· Consistent: a linear system that has at least one solution
· Inconsistent: a linear system that has no solutions
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Echelon Forms

In Example 3 of the last section, we solved a linear system in the unkmowns x. ., and = by reducing the augmented matrix fo the
form

1001

0102

D013

from which the soltion  — |, y — 2.; — 3 became evident. This is an example of a matrix that is in reduuced row-echelon form. To
‘be of this form. 2 matrix must have the following properties

1. Ifa row does not consist entirely of zeros, then the first nonzero number in the row is a 1. We call this a leading 1.
2. Ifthere are any rows that consist entirely of 2eros, then they are grouped together at the boftom of the matrix.

3. In any two successive rows that do not consist entirely of zeros, the leading 1 in the lower row occurs farther fo the right than
the leading 1 in the higher row.

4. Each column that contains a leading 1 has zeros everywhere else in that column.
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Moreover, all matrices of the following fypes are in reduced row-echelon form:

following types are in row-echelon

0o x x
Tog * x
]

000010
000001
000000 0

1
00 0

o
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Solution (b)

‘The comesponding system of equations is
2 ddrg= -1

X a6

nidy= 2

Since 1. 73, and x3 comrespond o leading 1's in the augmented matrix, we call them leading sariables or pivors. The nonleading
variables ( this case x) are called free sariables. Solving for the leading variables in ferms of the free variable gives

M= = lmdig
ra=b-2
23=2-3xg

‘From this form of the equations we see that the free variable 7 can be assigned an arbitrary value, say ¢, which then defermines the
values of the leading variables x|, %7, and 7. Thus there are infinitely many solutions, and the general solution i given by the
formulas

x==l-d,  xp=6-2  x3=2-%, 4=t
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Tn each part determine whether the matrix is in row-echelon form. reduced row-echelon form. both, or neither.
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Elimination Methods

We have just seen how easy it is to solve a system of linear equations once its augmented matrix is in reduced row-echelon form.
Now we shall give a step-by-step elimination procedure that can be used to reduce any matrix to reduced row-echelon form. As we
state each step in the procedure. we shall illustrate the idea by reducing the following matrix to reduced row-echelon form.

00 =20 712
24 —-10 6 12 28
24 =56 =5 =1

Step 1. Locate the leftmost column that does not consist entirely of zeros.

00 —-20 7 12
24 —106 12 28
24 =56 -5 -1

L Leftmost nonzero column

Step 2. Interchange the top row with another row. if necessary. to bring a nonzero entry to the top of the column found in Step 1.

24 —-106 12 28
00 -20 712 «— The first and second rows in the
2 4

-5 6 =5 -1 preceding matrix were interchanged.
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Step 3. If the entry that 1s now at the top of the column found in Step 1 1s . multiply the first row by 1/a 1n order to mtroduce a
leading 1.

12 -53 6 14

00 —20 7 12 «— The first row of the preceding
24 56 -5 —1 matrix was multiplied by 1

Step 4. Add suitable multiples of the top row to the rows below so that all entries below the leading 1 become zeros.

12 -53 6 14
00 —-20 7 12 «— — 2 times the first row of the preceding
00 50 —-17 —29 matrix was added to the third row.

Step 5. Now cover the top row in the matrix and begin again with Step 1 applied to the submatrix that remains. Continue in this
‘way until the entire matrix is in row-echelon form.
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=53 6 14
20 7 12
50 -1 -»
53 5
:
10 -1 -6
50 -17 -2
53 6 u
0 -2 -6
L
00 L 1
53 6 oM
10 -1 6
00 L 1
t
53 6w
0 -2 ¢
00 1 2

o The first (and oni) row inshe newr
evbmaers was eaubipled by 2
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The enfire matrix is now in row-echelon form. To find the reduced row-echelon form we need the following additional step.
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Step 6. Beginning with the last nonzero row and working upward, add suitable mwltiples of each row to the rows above to introduce

e
12 osasw
00 100 1| o Fomebeitronfte e
070 00'P 2 fmatnc wvas added to the second row,
12 sa00
00 1001  — 6 times the third row was.
00 0012  iindedmmm
120507
PR ECT———
000012 added to the first row.

The fast matrix is in reduced row-echelon form.

If we use only the first ive steps, the above procedre produces a tow-echelon form and is called Ganssian elimination. Carrying
the procedure through to the sixth step and producing a matrix in reduced row-echelon form is called Ganss—Jordan elimination.
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‘The following are some examples of matrices and their transposes.

A,[az, P } s

an an am s

23
14l c=m13s b=
56
i an an )
ay an an 215] o

. | -5}
a an o 346 :
au o o,

oo o

o7=(a]
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EXAMPLE 12 Trace of a Matrix

The following are examples of matrices and their traces.

-1 2 7 0

s [ } s 3 38
@31 a3 @ -
4 -2 1 a

w(d)y=an tant+aen wB=-1+5+7+
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14 and B are partitioned into submatrices, for example,

AuBiu+ 4By | At A

1B+ AnBay | ABin+ Anban
provided the sizes of the submatrices of A and B are such that the indicated operations can be performed. This method of
‘multiplying partitioned matrices is called block mulfiplication. In each part. compute the product by block

then 4 can be expressed as

a8
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Therefore, {5 — 5141, a5 guaraateed by Theorem 1.4.6.
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Ifthe sizes of the matrices are such that the stated operations can be performed, then

@ 7

® 4+ 8T =418 and (4-5)7 =
© @87 =kaT, where kis any scalar

@ an)’ =5"4"
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(a) Show that a matrix with a row of zeros cannot have an inverse.

(b) Show that a matrix with a column of zeros cannot have an inverse.
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Properties of the Transpose

If the sizes of the matrices are such that the stated operations can be performed, then
T
@ (@h' -4
-—
® (A4+B)T=4T+BT and (4-B)T =47 BT

© (k) T — kAT, where kis any scalar

@ (4T =574
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If R is the reduced row-echelon form of an » x n matrix 4, then either R has a row of zeros or R is the identity matrix i,
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A y x » matrix is called an elementary matrix if it can be obtained from the », « » identity matrix 7, by performing a single
elementary row operation.
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Row Operations by Matrix Multiplication

If the elementary matrix E results from performing a certain row operation on j, and if 4 is an s x » matrix, then the product
EA s the matrix that results when this same row operation is performed on A.
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Row Operation on I That Produces E  Row Operation on E That Reproduces I

Multiply row i by ¢ = 0 Multiply row i by 1/ ¢

Interchange rows 7 and j Interchange rows 7 and j

Add ¢ times row 7 to Tow j Add —  times row 7 to row j
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Every elementary matrix is invertible, and the inverse is also an elementary matrix.





image27.png
Equivalent Statements

If A is an y x n matrix, then the following statements are equivalent, that is, all true or all false.
(a) A is invertible.

e ——————————————————————————————————

(b) Ax =0 has only the trivial solution.

(c) The reduced row-echelon form of 4 is J,,.

(d) A is expressible as a product of elementary matrices.
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Az any mai, then the follawing are equivalent

@ 4 imersble

®) =0 has ony he rvial slution.

(© Theraduced ron-scelonform f 4

(@ 4 axpressble s a product of lementary marrices.

(© = b is consistnt for every s 1 maix b

(© = | hae exactly one coluion for every | maih.
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Lot and B be square matrices of the same siz. If 43 i ivertble.then A and B must also b imvrtible.
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EXAMPLE 2 Upper and Lower Triangular Matrices

a1 an a3 14 a0 0 0

0 ap ap an au a0 0

0 0 axman @ an am 0

000 0 ay au ag 4z au
T T
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(3) The transpose of a lower triangular matrix is upper triangular, and the franspose of an upper riangular matix is
lower triangular.

(b) The product of lower riangular matrices is lower riangular, and the product of upper triangular matrices is upper
triangular.

(©) 4 triangular matrix is invertible if and only if its diagonal entries are all nonzero.

(&) The inverse of an invertible lower triangular matrix is lower triangular, and the inverse of an invertible upper
triangular matvix is upper triangular.
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Symmetric Matrices

A square matrix 4 is called symmetric if A — 47
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174 and B are symmetric matrices wi
sym atrices with the same size, and if kis any scalar, then.

(@) AT is symmetric.

(b) A+ Band A— Bare symmenric.

(© kAis symmric.
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Irais anim
wertible symmetric matris, then 4~}
is symmetric.
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I is an invertible matrix, then 447 and A7 4 are also invertible.
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7.

Let

052
a 4 4
a 2 b

oR R

be the augmented matrix for a linear system. Find for what values of  and b the system has

(a) aunique solution.

(b) a one-parameter solution.

(¢) a two-parameter solution.

(d) no solution.
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EXAMPLE 1 Finding Minors and Cofactors

Let

‘The minor of enry.ay is

The cofuctor ofay, is

‘Similaly, the miner of entry.

My =
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The cofactors of A are

50 the matr of cofactorsis

and the adjointof g s
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Inverse of a Matrix Using s Adjoint
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I s an s« riangular matri (upper triangular, lower triangular, or diagonal), then det(4) is e prodct of e
enties on the main dicgonal of the matr; hat 5, dex( A) = 4y
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Use Cramer’s rule to solve.

x4 A= 6
=]
[ .

Solution
Therefore,
) s
a) T M

deildy)
et A}
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n
Let 4 be a square mamx. Then () — det(AT)
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Let A be an .y matri.

(@) B s the marrx that esuls when a single row or single column of 4 is multplied by a scalar . then dex(8) — & ()

@) i the mass thatresuls when two rows or o columns of A are interchanged. hen gex(B) = — der( A}

(©) B i the manix shat esuls when a maliple of one rov of 4 i added to another o or when a multiple of one column iz
added 10 another colum, then Ge5) — r( )




image45.png
Let b an . elementary matr.

@) T reculs fom mlpling arowaf 1, by . thn ) = -

©) Y Zrculs fom iterchanging o rows of . then e ) =

(©) 1f 2 veculs from adding a multiple of one row of 1, to anothe, them () = 1
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Let 4, B and (T be 5 x 5 matrices that differ only in a single row, say the yth, and assume that the yth row of (* can be
obtained by adding corresponding entries in the pth rows of A and g. Then

det(C) = det(A) + det(B)
The same result holds for columns.
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EXAMPLE 2 Using Theorem 2.3.1

By evaluating the determinants. the reader can check that
1 7 5
det| 2 0 3
140 441 74 (=1

175
=det| 2 0 3|+ det|
147

EEES

—o
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IfBis an 5 x » matrix and £ is an 5 x » elementary matrix, then

det(EB) — det(Z) det(B)
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If 4 and B are square matrices of the same size, then

det(AB) = det(A) det(8)
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IfA s invertible, then

det(4™h) :W
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Equivalent Statements

If A is an y x » matrix, then the following statements are equivalent.

(a) Ais invertible.

(b) ax — 0 has only the trivial solution.

(&) The reduced row-echelon form of A is 1,

(d) 4 can be expressed as a product of elementary matrices.

(e) Ax = b is consistent for every n x | matrix j.

() Ax = b has exactly one solution for every y x 1 matrix b.

(2) det(d) = 0.
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‘The characteristic equation of 4 is

SN — 4) 0 o AT-3-10=0

-1 -3
-4 A2
‘The factored form of this equation is () - 2) (\— 5) = . 50 the eigenvalues of A are \ — — 2 and \ = 5.
By definition.

x
=[]
is an eigenvector of 4 if and only if y is 2 nontrivial solution of T\ = ATx = thatis

A=1 =3][m]_[o
—a x|~ |0 ©
e ——————————————————————————
I \— 2. then 9 becomes
-3 =3][=1]_[o
—a =4|[m2][o
‘Solving this system yields (Verify) x, — — . x, — . 50 the eigenvectors corresponding to \ — — zare the nonzero solutions
of the form
o[-t
2]
Again from 9, the eigenvectors of A commesponding o \ — 5 are the nontrivial solutions of
4 =3][=]_[o
—a 3|lm=]T[o
‘We leave it for the reader to solve this system and show that the SigeAiVectors of A coresponding to \ — 5 are the nonzero
solutions of the form
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[There is no square matrix 4 such that cet(447)





image57.png
13, Todicate how =1 vl be affcted it
(@ theithand th rows of 4 are nterchanged.
%) theithrow of A i multplied by a nonzero sclar .

(© c times the ithrow of A is added to the sthrow.
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We will desote s general permutstion ofthe set (1,2, .} bY (7, j;, ;- Hee. isthe frt iteger in the permutation. 1,
i the second, and 50 on. An nversion i aid 0 oceur in 3 permROD (y Jy, . ) Whenever 3 uger infeger precedes 3
cmalle one. Thetofl mumber of inversions occuring i 2 permntion ¢2 b bained 3 follows: (1) find the mumber of ntegers
that ae e than ., 3 hat follow . i the permutation: (2)find he mumber oftegers that ae e than 7 and hat fllow 1 in
the permutaton. Continue his cousiing process for jz_ /1 The sum of thece mumbers will be the totl number of nversions.
inthe permutztion.

EXAMPLES  Counting Inversions

Detesmine the pumber of mversions in the fllowing permutatons:

® 613452

® ey

©a239

Solution

(@) The numberof isversions 254 0.4 1 4 1 11— &

%) The mumber of inversions 5 TT7TI=

(©) There sxe sexo inversion: in thiz permutation.
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A permttion i called evem ifthe otslmusmber of nversions is n eves integer 3nd i called 0dd i th tosl usbes of
mversion: iz n odd integer
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T and »ar vectors in 2-spaceor -space and 1 the ange bewee u nd . thn the dotprodct o Euclidean inner
producty i defined by
o [Iwlvlesss fuz0wiveo
- fu=vcv=0
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1w and a are vectors in 2-space or 3-space and ifa 2 0, then

(vector component of u along a)

(vector component u orthogonal to a)
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Let u and v be vectors in 2- or 3-space.

@ vov= o) thatis, |v]| = (v-») 2

(b) Ifthe vectors u and v are nonzero and 6 is the angle between them, then

Tsacwe fmdoyE wvs0
fis obrse Fand oniy i w-v<0
0=7/2 Fandonlyy uwv=0
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x4+ xz+2x3=9
2y +4xy=3x3=1
3xy + 612 =513 =0
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A formula for the length of the vector component of  along a can be obtained by writing
I

llprejgull =
— Formula (5) of Section 32
—sincea])? 20
which yields

[u-al

[lal
I£6 denotes the angle between u and a, thenu - a = ul[|all cos #, s0 10 can also be written as.

lprojon =

Tpxsjaul = lulfes0]




image65.png
Find a formula for the distance D between point P(x, yq) and the line gy | py |
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Since the point ()(x1, 1) lies on the line, its coordinates satisfy the equation of the line. so
T Te=0 o e=—an =k
Substirofing this expression in 12 yields the formula

b kb
Yot i s?
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‘Suppose that , », and w are mutually orthogonal nonzero vectors in 3-space, and suppose that
30. you kmow the dot products of these vectors with a vector r in 3-space. Find an expression for r in.
terms of u, v, . and the dot products.

Hint Look for an expression of the form — ¢ yu + c7v + cow-
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Iu, v, and w are vectors in 3-space, then

@ @@ =0 (uxvisorthogonal tow)
® v-fuxv) =0 {uxvioriogonal tov)

© loxt? = v = (0ov)? (Lagrange's ideniy)

(@) o (9% = (@-w)v— (n-v)w  (relationslip botwoen cross and dot prodcts)

(©) (uxv)>w=(@-wv— (v-w)n  (relationship botwoen cross and dot prodcts)
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Properties of Cross Product

Ifu, s, and w are any vectors in 3-space and k s any scalar, then

@ uxv= - (vew)

© ux (v +9) = xv) + e

© @1 ) + (ron)

@ k) = ) xv = (o)

(@ ux0=0xu=0

© uxu=0
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Tl vl = Tl v = -7

I 6 denotes the angle between u and v, then - v = |ju|| ||v] cosf. so 5 can be rewritten as.
T = PP = i P cos’a

= [Pl = cos')

T,
= Il vl

- it follows that sia ) > 0. 50 this can be rewritten as

Since( <0<

Tl = vl sia 0
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I, v, and w are vectorsin 3-space, then
e e

s called the scalar triple product of ., . and w.
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i1 gy e g,

where ay and b are real mumbers called a linear system called a linear system of m ~ equations of
- unknowns

Wb =5y 0inthis case, (4 is « homogenous linear system]
(2) other wise, the system is called a non — homogenous linear system

Linear system =
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Ifthe vectors = (uy 3, 5):V = (V1.2 V1) @nds = (o1, ) have the same iital o, ther hay i he same
plans fand only

r w w
S
v W

)
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Suppose thaty - (v xw) = 3. Find
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@ v - (uxw)

© (uxw)-v
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a(x=xq) +b(y =yp) +c(z=29) =0

We call this the point-normal form of the equation of a plane.
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x=xo+ta, y=yot+th, z=zg+i

S e ———
arc called parametric equations for 1.
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v (—w<t<+x)

This is called the vector form of the equation of a line in 3-space.
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Distance Between a Point and a Plane.

The distance D between a point P(xy, yy, zq) and the plane gz 4 by 4 cz +d — 015

larg + byg + ez + 4]

[

D
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X-xg Y=o _Z—Zg

a B z

These are called symmetric equations for the line.
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