PHY231H1

Final Exam Dec. 2012

What to study
Chapter 1 (1.11-1.15 — omit Bernoulli’s equation)

Chapter 4 (4.1-4.3, 4.5-4.11 (omit 4.10.1), 4.12 (omit all equations after 4.61)
Chapter 5 (5.1-5.7)
Chapter 13 (13.1-13.8 (omit 13.7.1))

What to bring:
Calculator

Double-sided 8”x11” aid sheet prepared by you

What to do to get full marks:
Do all problems.

In order to get full marks, you have to provide an expression for the result and only after that
you may substitute the numerical values.

Review problems:

Chapter 1: 18, 19, 27, 41, 44, 47

Chapter 4: 11, 14, 17, 18, 21, 36, 44, 45, 49
Chapter 5: 13, 14, 17, 20, 26, 28

Chapter 13: 2,9, 12, 15, 19, 24




Problem 18 The walls of a cylindrical pipe that has an
€ICESs pressure p inside are subject to a tension, Jforce per
unit length T'. (Consider only the force per ungt length in
the walls of the cylinder, not the force in any end caps
of the pipe.) The force per unit length in the walls can be
calculated by considering a different Dpipe made up of two
parts as shown in the figure: o semicircular half-cylinder |
of radius R and length L attached to g flat plate of width
2R and length L. What is the force that the excess pres-
sure ezerts on the flat plate? Show that the tension force .
Per unit length in the wall of the tube s f = pR. This °
is colled the Law of Laplace. (Do not worry about any .
deformation.) ‘

See if you can obtain the same answer by direct inte-
gration of the horizontal and vertical components of the .

" force due to the excess pressure.

Sometimes a patient will have an aneurysm in which a
portion of an artery will balloon out and possibly rupture,
Comment on this phenomenon in light of the R depen-
dence of the force per unit length [Hademenos (1995)].
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1.18 The total downward force on the flat
plateis F=pL2R. Ifthe plate is not p
accelerated, this must be balanced by a force @
exerted by the walls of the semi-circular L\
segment. If the force per unit length is £ N 2R
‘2Lf=pL2R, so
| f= pR. . - . .
By the third law, the reaction to this is the force on the hemi-cylinder. This force is the
same whether it is exerted by a flat plate or by another hemi-cylinder.
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We can get the same answer by direct integration of the force exerted on the
hemi-cylinder by the gas inside. Consider the strip of length L and width Rd8, The force
- is pressure times area: dJF = pdS = PRL d6. :
The components are dF, = dFcos&and dF), = dFsin6. The total force is obtained by
integrating from 6=0to &= 7.

F, = [[aF, = pRL [[00s0d6=p RL[sin6 = p RL(0~0)=0

/3 JL L
E, = Ldﬁ; =pRL [ sin0d6=pRL[~cosO]} = p R L[~(-1) +(D)]=2pRL
The force per unit length at the edge is f=F/2L=pR.

As the wall of an aortic aneurysm balloons out, R increases and the force per unit
~ length also increases. Since the wall is already weakened to cause the original ballooning

the prognosis is w0t goad.

Problem 19 Find a relationship among the tension per -
unit length T across any element of the wall of a soap
bubble, the excess pressure inside the bubble, Ap, and the
radius of the bubble, R. (Hint: Use the same technigque as
for the previous problem.)

1.19 - In-analogy with the previous problem, imagine a hemisphere of the soap bubble
attached to a spherical flat plate. The force on the flat disk s Ap 7R*and must be equal to
the circumference times the tension per unit length, * A _p7rR2 =27ZRT Ap=2T/R.
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1P’roblem 27 Consider fluid flowing between two slabs as|
shown in Fig. .1.26. Since the work done by the e.'z:tema.l‘f
force on the system in time dt is dW = Fudt, the rate|
of doing work is P = dW/dt = Fu, where v is the speed
- of the moving plate. Find the power dissipated per unit|
volume of the fluid in terms of the velocity gradient.

1.27 IfSis the area of the plate and Z the s
P=Fy = So(dv /dyy = Snv? /1

pacing, the power is

To get the power per unit volume, divide by the volume, SZ:

dP/dV=1v*/L* = ndv/ dy)*

Problem 41 The wvelocity of the blood in the aoriq ig
about 0.5 m 51, and the velocity of the blood in q capil-
lary is about 0.001 m 51 We have only one aorta, with o
diameter o f 20 mm, bug many capillaries in parallel, each v
with a diameter of 8 um. Estimate how many copillaries |
are typica.lly open at any one timﬁ.

1.41  The aorta is in series with the capillaries, so the volume current is the same in the
aorta as in all NV capillaries combined. The volume current is equal to the product of the

speed and the area, So

0-5ms")r(0.01m)’ = N(0.001m s™ a2 x10°¢ m)

Problem 44 A sphere of radius a moving through o fluid
with speed v is subject to a viscous drag Farqg = Grnav.
Make an argument similar to that in the text to show that

- the ratio of kinetic energy of a sphere of fluid of the same
size moving at the same speed to the wviscous work done
to displace the sphere by its own diameter is N r/18.

or N=13 billion.

1.44 " The kinetic energy of a sphere of flnidis £, =m v* /2= 1 12)p(47a* 13)v". The
work done against the viscous force.to drag the sphere a distance 24 is ' '

W s = (67212 v)(24). The ratio is pav /187 = N, /18.



Problem 47 Consider laminar viscous flow in the fol--
lowing situation, which models flow in the bronchi or a
network of branching blood vessels. A vessel of radius R’
‘connects to N smaller vessels, each of radius zR.

(a) What is the- relationship. between total cross-
sectional area of the smaller vessels and that of the larger
vessel if the pressure gradient is the same in both sets of
vessels?

(b) How do the pressure gradients compare if the total
cross-sectional area is the same in both sets of vessels?
(Neither assumption is realistic. )

1.47  Let subscript 1 denote fhe large véssel; 2 the collection of small vessels. Then 7y =

i SO
zﬂfé(_Ag) =Af’£f}§x_"(ée)
817 \Ax/, &n \Ax/,

(a)  If (Ap/ Ax), = (Ap/ Ax), then1=Nx* and x* =1/JN
8,/ 8 =Nmx"R 2R =N

(b) IfS, =5 then N’ =1,0r x*=1/N so

(Ap! Ax), (Ap/ Ax), =1/(Nx*) = N> /IN=N

C/m/wér 4

Problem 11 Figure 4.12 shows that D for Oy in water -
at 298 K is 1.2 x 107% m? 57! and that the molecular
radius of Og is 0.2 nm. The diffusion constant of a dilute
gas (wherethe mean free path is larger than the molecular
_ diameter) is D = X2 /2t., where the collision time is given
by Eq. 4.15.
(a) Find a numeric value for the diffusion.constant for
O, in Oy at 1 atm and 298 K and its ratio to D for O,
in water. The molecular weight of ozygen is 32.
(b) Assuming that this equation for a dilute gas is valid |
in water, estimate the meon free path of an ozygen mole- |

|
cule in water. |

4.11  (a) The mean free path in oxygen gas (a1 + ay =2a) is

$

A STVIAG N (V) =Wy T [ py = (138 3 10-2)(208) 1(47)(0:2 SCLOO)2(LLQL v+ o

% 105)= 8.1 X 10-8 m =81 nm, which is much larger than a. Combining this result with .
the equation for D and Eq. 4.15, we obtain

"2 172

2 ’1(3]‘BTJ =1.95%107 m%™.

2%, 2

c

1

This is much larger than for diffusion in water. The ratio is 1.95 x 105/ 1.2x 109
= 1,63 x 104,

b) Using the equation blindly, we get A =2.D /(3k,T / m)” 2

=(2)(1.2%107°)/482=4.98 %107 1 . This is much smaller than the molecular rédius,
so the equation is not necessarily valid.



‘Problem 14 Write an equation for Fick’s second law n
three-dimensional Cartesian coordinates when the diffu-
Ston constant depends on position: D = D(z,y, z).

4.14 The fluence rate is ixy,z2)=

The continuity equation is still

— E. = _a-li + —a!l + i’.
ot Oox oz

aC a( acj a( BCJ a( ac)
——=—|D—|4+=| pL|, 9 ol
a " wm\am) Ty\PY) TR\ P

Since D depends on x y and z, it cannot be taken out in front of the partial derivative,

—D(%,,D)[(3C / )%+ (3C / 3y)+ (BC/ 3z3].

» 80O

Problem 17 A sheer
the origin in a one-di
the z direction.

(a) Plot o vs ¢ for diffusion of water in water.

(b) Deduce q “elocity” versus time, C

(c) How long does it take Jor the water to have g req-

sonable chance of traveling 1 pm? 1p wm? 100 pym? 1
mm¥? 1 cm? 10 cm? E

of labeled water molecules starts at
mensionol problem and diffuses in :

4:17—At310- KD for water iwater from Fig. 4.11 or 4.12i5s 2.3 X 109 m2s!. The
standard deviation is o =~/2D¢ =v4.6 x 10™°;.

ts o,m 7,5 g, m
0 0. 1000 2.1x 1073
103 2.1x106 104 6.8%10-3
2x10%  30x106 105, 21.x 103
001 = 68x10° 106 68.x 10-3
0.1 21.x 10 108 678. % 1073
1 67.x 106 1080=317yr) 678
10 214.x10%6 '
100 678. % 10-6
(b) ' The “velocity” depends on time intervall. Y | | | 7
For about 6 mss, we can say
=——————-5'2X10_3m=8.7x10‘4m 5! 8- .
6x107s

(e) From the table
1um takes 1msorless

distance (m)
r-
|
i

10 Lm takgs 0.1 S : i) Averags velocity at 6 ms. il
100 pum takes 10s ‘ 0 ' ' L R
1 mm takes 1000s ez *

time (s)
lcm . takes 105s

‘10 cm takes 107s :



Problem 18 In three dimensions the Toot-mean-square
diffusion distance is o = +/ 6Dt, where t is the diffusion
time. Consider the diffusion of ozygen from air to the
blood in the lungs. The terminal air sacs in the lungs,
the alveoli, have a radius of about 100 pm. The radius
of a capillary is about 4 um. Estimate the time for an -
ozygen molecule to diffuse from the center to the edge of
an alveolus, and.the time to diffuse from the edge to the ;
center of a capillary. Which is greater? From the data in _
Table 1.4 estimate how long blood remains in q capillary.
Is it long enough for diffusion of ozygen to occur? Assume

. the diffusion constant of ozygen in air is 2 x 1078 m? g1

- . — 2 _
and in waler is 2 x 1079 m2 g1,

. 418 The time for Oxygen to diffuse through the air in the alveoli is
(=2 (00x10%my =0.25ms. The time for it o diffy n
=35 —-m-— -£3ms. The time for it to diffise through the bloovdmthe
cépillarieé is i= i =/ (4 le-ém)z =4 ms. So, most of the time is spent d'fﬁl i |
, 2D 2(2x10° m? 57 ST pem e
through the blood, not the air. Capillaries are about 1 mm Jong, and the speed of the
blood in them is about 10%mgt, S0, blood spends about 1 s in the capillary, which.

should prcwide/more-—thaﬂ’enough"tim*e"for 0xygen diffusion.

one-dimensiona] diffusion equation, Eq. 4.86, o show
that the concentration decays ezponentially with time,
A) xe—t/T. Determine an expression for the time cor,.

4.21  Substitute C(x, 1)= A(f)sin(27zx /L) into the diffusion equation % = D%g , to

dd 27 : : : - r
88t —=-D = | 4. The solution to this differential equation is e *, Where 7= S
ar L ' 47z°D

Localized concentration disiributions have small L and therefore smal] T; they decay
quickly. Diffuse concentration distributions have large I and therefore large T; they
decay slowly.



Joﬂll:'roblmn 36 The distance L that ozygen can diffuse in :
the steady state is appromimately [ — 1./ C’D/Q,where c
is the ozygen concentration, D is the dzﬁuszonh constant, :

and @ is the rate per unit volume that ozygen 1s used for
metabolism. : :
(a) Show that L has dimensions of -Zen.gth.
(b) The diffusion of ozygen in air is about 10.’000‘;
times larger than the diffusion of ozygen in water [Denny
(1993)]: By how much will the diffusion: distance L |

change if ozygen diffuses through air instead of water,
all other things being equal? ‘ :

" Insects deliver oxygen to their flight muscles by dif- !
Jusion. down air-filled tubes instead of by blood vessels, [
thereby taking advantage of the large diffusion constant

of ozygen in air [ Wez’ss—Fogh (1964)].

4.36 (a) C has units of molecules m‘.3 .

D has units of m2 s,
Q has units of mdlecules m™ g!,

molecules
Therefore, I, has units of

moleculeg

Y
TN

| m’ s -

(®) D grows by 10,000, then Z grows by /i 0,000 =

: 100. So, oxygen will diffise
one hundred timeg as far in ajr as in water,

"Problem 44 We cap write the diffusion constant, D,

and the thermal speed Urmg in terms of the step size, A,
-~and the collision time, t. as

3
Y
2,
A
Urms = —. -

c

Solve for X and t. in terms of D and vpps.



Problem 45 Using the definitions in Problem, 44, write
the diffusion constant in terms of A and vrms. By how
much do you ezpect the diffusion constant for “heavy wa-
ter” (water in which the two hydrogen atoms are deu-
terium, 2H) to differ from the diffusion constant Jor wa-
ter? Assume the mean free path is independent of mass. .

Wpms L )
445 D= é % . We assume that ] i independent of mass, but v, varies as the
inverse square root of 1mass (Eq. 4.12). The mass of normal water is 2( D+1(16)=18,

‘Whereas the mass of heavy water is 2(2)y+1(16)=20. The mass increases by (20-18)/18 or
~11%;-s0 the diffusion-constant decreases by 3:39, -« T

Problem 49 The tegt considered a one-dimensional’
random-walk problem. Suppose that in two dimensions the |
walk can occur with equal probability along +z, +y, —z,
or —y. The total number of stepa is N = N, + Ny, where!
the number of steps along each azis is not always equal
to N/2.

(o) What is the probability that N, of the N steps are i’
parallel to the z aris?

() What-isthe probability that the net displacement
along the z azis is m )\ ? . ) S :

(c) Show that the probability of a particle being at '
(ma,myX) after N steps is

P'(mg,my,) =

where P(m, N) on the right-hand side of this equation is
given by Eq. 4.76. i

(d) The factor NI/NG (N — Np)! is proportional to q :
binomial probability. What probability? Where does this :
Jactor peak when N ig large? : :

(e) Using the above result, show that P' (Mg, my) =
P(mg, N/2) P(m,,, N/2).

(f) Write o Gaussian approzimation for two-
dimensional diffusion.

449 N=N,+N,

@) The probability of moving parallel to the x axis is 1/2. The probability that N, of
the N moves are parallel to the x axis is

Nl 1YY 1) Ve
PINV3N) = N,\(N - I,)! (5) (E)
(b)  There are N, steps along the x axis, which may be positive or negative with equal
probability. The number to the right is », and the number to the leftisw’ . n+n =N,. The
net number to the right is m = 7 — #’. Then'y = W, +m)/2 and 1’ = V. — m)/2.

1 Ny
P(m;N,) = & (1)
|

(S e



b 49 cmlinyed

(©) There are many ways to end up with a given pair of values nix and my. The

probabilities for each independent way add. For example, if there are ten steps, there
could be 0, 1,2, ... of these parallel to x axis. For each case we must calculate
probabilities for 7, and my and add them:

| N I
P(m,,m,) = 12)" PG N,) P(m sV — ,
() ;N i1 PN, B, )

where N, = N~ N, - :
(d)  NUNIN-N)! is proportional to'binomial probability PN N) whenp =g =
1/2. It peaks at N, = N/2. ’ ’

® , N )Y
—_ —tN T2
P(mx:{”y) = A ATC A o
Since the factor in square brackets pealc_s near N, = Ny = N/2, assume that the P’s, which
are slowly varying functions of N, and N, can be moved outside the sum. Then

:’é(772x;Nx)P(AJJ,;Ny) .

Pmy,my,) = P(m,;N/2)P(M,;N | 2y,

[ N7V

I (NH.—....NX.)!J' The sum 1s unity, so

f o
Ny

P(m,,m,)= P(m,;N/ 2)P(m,; N/2).

()  Weneed a Gaussian approximaﬁon_,for,B(Jzzx,NZZ)aand--]?-(-mm,—J\f/Q«)-.—(-Bfoth“have‘“ﬂ'fé'““""‘—"”’"""' '

same functional form.) We follow the arguments of Sec. 4.}}’2:3 noting that only every
other value of 7, or my, occurs. Therefore P(x,r) = (Nyz/'Lz) exp(—mi /N). Tt is still
true that N = #/t.. In addition, i = Ay y = my,A. Therefore

P(x,1)= (tc | m P )1/2 exp(—x*t,/ A 7). When this is combined with a similar expression
for y, we find
) [ ‘ J2/2 . ) 5
P(x,y,1) = | —5- =(x* + 3, 1 A1)
PG ={—a ) epl-G + 30, 12
The form of the equation is the same as in one dimension if we define 4D = 1.

P(x,p,1) = ( )exp[—(xz +y*)/4D1]. |

47Dt



CAa/pZeVr S5
/

G

0

4%
- Problem 13 Solute is carried through o pipe by solvent

T0g. The radius of the pipe is b. The average flow along

the Vpipe 18 31,' (independent of v because it has been aver-

_aged over r). Assume that within the pipe the concentrg-
4. Lo of solute is independent of radius and can be writ-

ten as C(z). The solute 4s carried along purely by solvent
drag. Solute concentration outside the pipe is zero. Solute

diffuses through the wall of the_pz'pe, which has solute

permeability WRT. In terms of Jus b, and WRT, obtain

a differential equation for C(z) and show that C decays

ezponentially along the pipe. Find the decay constant.

3.13  Consider an element of the pipe between z and (z + dz). The number of particles -
into the element at z is JC(2) 752, The number out at (z + dz) is jyC(z + dz)zb2. The

number out through the walls of the element is wRTC(2)27hdz. To conserve particles,

7,IC(8) ~ C(z+ dz)[mb? = ®RTC(2) 27bdz

J.mb* @“_ —(@RT27h)C
'z .

d:
4 __(2err) .
az b )

: ' o 2a0RT
which is the equation for exponential decay along the pipe, with decay constant ~——— |

'\!P!roblem 14 A kidney machine has a membrane perme-
ability wRT = 0.5 x 1073 om 571, If the membrane area

“is 1 m?, the volume of body fluid is 40 1, and the vol-
ume of dialysant is effectively infinite, what is the time
constant? How long will it take to reduce the BUN (blood
urea nitrogen) concentration from 120 myg per 100 ml to
20 myg per 100 mi?

5.14  The time constant is given by Eq. 5.22: ,
14 40Liter = [10%m? ( cm)
T = = - — l O"—‘ = 3
S@RT — (1m*)(0.5% 10%em s\ hiter )\ 007, ) =8> 107 sec or 2.22 hours,
To reduce the urea concentration from 120 to 20:

—— =g 20/120)= -1.79 = ——*
120 in(20/120)=-1.79 8 x10°

1=1.43%x10"% = 239 min = 4 hours.
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{Problem 17 The countercurrent model applies to the
transport of heat as well as particles, with temperature
taking the place of concentration, Consider a counter-
current heat ezchanger, which represents the arrangement
of blood vessels in the flipper of & whale [Schmidt-Nielsen

(1972)].
artery
Ta)  —
D
T g——
X=0 vein X=L

The temperatures of the arterial and venous blood are gou-
erned by eguations similar to Fgs. 5.27:

To=ci+(c2 ~ c1)az,
Ty =¢ca+ (g~ c1)az.

 Assume that the arterial blood at © = 0 is at the warm |
temperature of the whale’s body, T,y. The arterial blood at :
z =L enters the capillaries at temperature To(L) and is ! '

cooled to the temperature of the surrounding ocean water,
1, by the time it enters the vein ot = [,

(a) Determine ¢; and Ca in terms of T, 1%, a, and L, J

a

() Plot T(z) and T(z) for T,, = 3750, 7, — 720, ]
a=Tlmm™* and I = 3mm.
(c) The loss of heat Jrom the body to the surroundings |
is proportional to AT — To(L) ~ Te.. Find an expression. |
Jor AT. What does AT reduce to if o, < 17 ifal> 12
Interpret these results Dhysically. To minimize heat loss :
‘to the ocean should al, be large or small? :
(d) The energy the body must supply to heat the return- :
ing venous blood is proportional to AT — Tw — T, (0). |
Find an ezpression for AT . : =
5.7 @Atx=0,T =T,
I,+T,aL
At x=L, T =T: ¢, =-c v
2 Ay fe 2 1+ a.L
(b)

¢, =T

we

X (mm)
T, I, -T,

. T -
— c w AT — St L
() AT ]:"+—_1+aL a = 1val

If aL <<1, then AT =T, - T.. Inthis case, L is much less than the length constant (1/a),

3

so very little change in temperature occurs along the vessels.
If aZ >>1, then AT = z”—a_zlﬂ In this case, L is much greater than the length constant, so .

the temperature becomes almost equal in the artery and vein, and the temperature
difference, AT, goes to zero. To minimize heat loss to the ocean, aL should be large.

T,-T
ATI__: AT: W [+ .



Problem 20 Obtain expressions for J, when A\ =0 gnd
A — oo,

5.20  The condition 4 = 0 means A/AZ - 0. Write

— | RT AC —
Jy=(1-0)C.J, (1,+ i J =(1-0)CJ |1+ 4G
8 v (I;G)C.;.];’ ( O-)SVI+AZ-C'; L

The second term in brackets vanishes as 1 —s 0.
The other condition is /A7 —s . Factor the equation ag

J;=mRTACS(1+g;")—C~“—Jl = aRTAC| 1+ 22 6} '

—_——

aRT AC, A AC,
In the limit A/AZ — oo, the second term is negligible.

AJ

Problem 26 Consider the following cases for transport
of water through a membrane. o
(a) Water flows by bulk flow through the membrane

with Ap = 0. There is an impermeant solute (o=1) on
the right with concentration Chig and zero concentration
onthe left. Find the particle fluence rate of water in terms .
Of Lp. H
(b) There is no volume flow through the membrane ;
(Jy = 0). Some of the water molecules on the left are |

taggea with radioactive hydrogen (tritium). The concen-
tration of tagged water molecules is C; on the left and 0 ¢
onthe right.-Find the particle fluence rate of tagged water
in terms of L, and wRT. ;

(c) There is volume flow, as in case (a), and there arc |
also tagged water molecules on the lef. Find the particl
fluence rate of tagged water in terms of Ly and wRT.

(d) Restate the answers in terms of the parameters of « .
collection of n pores per unit aren of radius Ry and lengt]
AZ.

(e) Estimate the value of = for part (c) if R, = 10~
m and cpiy = ¢ =0.1 mol 171,

5.26  (a) The volume flow is Jy = L ks TCy;, . The water particle fluence rate is

Jw = CJy = C, L, 1zT Cyig» Where, in terms of Avogadro’s number and. the molar volume
of water, C, =N, /V,.

(b)IfJ, =0, J, =aRIC, . ‘

(¢) With both volume flow and diffusion and C;=0,J,=J,(-~ O')Es +aRTC,. To
evaluate this, we need the average concentration, which is ES =G, /2+G(x)C,. The
pararneter x is

x = L kyTCy, / aRT . Alternatively, once we know x we could use J, = a)RTCS( fe J .-

enitymi e
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‘ 4 2

TC,C,. 7R, DC, .

(d) For part a, J, = nERngBAZ Ly Forpartb, J, = '}1—% » Where D is the
Ui

diffusion coristant of water in Wwater. For part c,
LoksTChig mz'z’?;kBTCbigAZ._ RO ITCy;,

TR T Temzemd T D
(e) From Fig. 4.12 for water in water, D=3.3x 109 m2 51,
0.1mol 10° 1 6 x10% molecule -

1 'm’ . mol s
e 52138 xjo )(300)~56>< 10%) _ 0.0,

®)(102)(3.3 x107)

Chig = = 6x10% molecule m™

Problem 28 Consider the case of water permeabili
shown in Fig. 5.1 (¢). Water and solute molecules move’
through the membrane in the same way. They “dissolue !
Jrom solution into the membrane. Assume that the con—
centration of water molecules Just inside the membrame -
us proportional to the Pressure just outside: ¢ — ap. The -
membrane has thickness A7 and the diffusion constant.

for-water-in-the membrane material is D. Under steadf—f

state conditions, derive ap, ezpression for L.

528 Inthe steady state 9C/9r = ( implies that 37/9z = 0 which meang that Js=-DaC/dz

is independent of 7. Therefore 9C/3z — AC/AZ —> QAp/AZ. The fluence rate of water
molecules is Js=D(AC/AZ) = (Da/AZ)Ap. But Ly, =J/Ap. To convert from J; to .,

v
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.Problemn 2 Show that the pressure p satisfies the wave
equation. Hint: Use Fgs. 13.19 and 18.14. Differentiate
to obtain 8%p/Bz? and &®p/82. Also use the fact that
when maultiple partial derivatives are token, the order of
differentiotion can be interchanged (Appendiz N).

132 The time derivative of Eq. 13:13 gives % =—K

Fv
Th derivative of Eq. 13.14 gives —— =
e space derivative of Eq gl o

1 &p

Py &

J'p
A

The order of differentiation does'not matter, so we find that

equation.

L48) .
\}P‘ Problem 8 Derive the relationships between pg, &0 and
vy (Egs. 13.22 and 15.23), where py, & and vy are the

amplitudes- of a sinusoidally varying plane wave.

Ip_ 1

>
Kpy

&'p
X

—%, which is the wave

139 p=psinfec - ax), £=¢, cos(fx — ax), v =v, sin(for — a)t)

2

1 . 1 . KX
FromEq. 13.8, p= —» We get p, sin(foc - wt)= — (&, sin(for — o)), or £ = —Py

x
- (equivalent to Eq. 13.22)

From Eq. 13.12, v= %;, we get vy sinlx — o) = &, sinflor ot), ar &,

If we eliminate &£, from these two equations and recall that w=fe, ¢ =

find v, =% (Eq. 13.23).

V'm=2. [se Eq. 13.29 to convert this to the amplitude
of the pressure oscillation in 0ir, using Za;,. = 400 Pq

§m1

Ty : "
1 Problem 19 The threshold for audible sound is 10~12 i

- Compare this to 105 Pa (atmospheric pressure), 5'

znd 0 5x107° Pa (which is on the order of the amplitude '
.f random pressure variations in the air due to thermal .
Motion,). Are the pressure oscillations small? Perform, the |

1074 W

fr‘:ige analysis for the threshold for pain, T =

1
=—7,.
@

Pk

. and‘Z=1/-&,we
K

1312 p=A2IZ= \/2(1 0"12X400) =28x107°Pa. This pressure is much smaller that
-atmospheric pressure, and is only about five times the pressure in air due to thermal motion.
D=q /2(10“1 X400) =0.28Pa. This pressure is still much smaller than atmospheric

pressure, but is now much larger than pressure cansed by thermal motion.



Pl adt

Problem 15 Use the results of Problems 13 and 14 to

show that R+ T = 1.

o , 7
re7-%-2) 4zz L2227 477

ZZ—ZI
Z,+Z

13.15 From Prob, 13.13, R:%:(

3 +-\7 9
(Zz + Zl)— (Zz + Zl)- (Zz + Zl)—

2
J - From Prob. 13.14, T:iz

47,7,

4 (Zz*‘zx)z.
_Zzz”"le“"QZJZz (ZZ“LZJ)Z
—-x:\

@ +zY

@7y

1.

molecules per yngt volume and v s an average velocity -

of 482ms=1, Tpe radius of the eardrum is 4.5 mm, Find

lee ey



1319 The number of molecules per unit volume, », of air can be estimated from the ideal gas
lav, p¥V = NkgT.

n-J_V—L— éOSPa)
VT f4x102 VK J310K)

=2.3x10%5 molecules/m>,

The numbe'r of collisions is then ?m‘z dt: 4p/p is one over the square root of the number of

collision
4 _ !

P \/ﬂ T2 At \/ (2.3 X 1025mo]ecuhas/m3 }482 m/s)
4
‘ 4

n-@.s x 10‘3m)2 @.5 X 10‘33)

ﬂdo“lo,
=4

\‘]Problem 24 Suppose you emit an ultrasound pulse 4
the © direction from a source af eqcp of eight different Do- .
sitions y. Each pulse TECEIVES a series of echoes, as shown
in the table below (Echo times are in us.):

y{mm): 0 10 20 30 40 50 @ 70

Echo 1 35 37 30 4p 45 47 48 49
Echo 2 97 98 58 56 57 96 01 90.
Echo 3 71 73 71
Echo 4 99 99 g8

Draw an z-y coordinae system (z =0 is location of the
source) and put o bright spot corresponding to each echo.
Assume ¢ = 1,540 m 571 4p eqep tissue, and ignore g
tenuation. You have Just created q two-dimensional ultmgg ‘
sound image. 17

13.24 Below is the two-dimensjonal image. The bright spots correspond to each echo. The
dashed curve is an eyeball guess as to the geometry of each boundary. :

el oo



y (mm)
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40 4
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+ 80



